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Abstract 

For riemannian metrics G on R d which are long range perturbations of the flat one, we 
prove estimates for (-Ac — A — ie)~ n as A — ¥ 0, which are uniform with respect to e, for all 
n < [d/2] + 1 in odd dimension and n < d/2 in even dimension. We also give applications to 
the time decay of Schrodinger and Wave (or Klein-Gordon) equations. 

1 Introduction and results 

Let G — (G jfe ) be a riemannian metric on W 1 which is asymptotically euclidean in the sense that, 
for some p > 0, 

\d a (& k (x) -6 jk )\ < C a (x)-P-W, (1.1) 

Sjk being the Kronecker symbol. In other words, (the coefficients of) G — I belongs to the symbol 
class S~ p of functions such that |3 a a(x)| < (ir)~ p ~' Q !. In the sequel we shall also refer to G as a 
long range metric. The Laplacian Aq reads 

A G = det G(x)- 1 / 2 ^- (det G(x)^ 2 G jk (x)-^j , (1.2) 

using the summation convention as well as the standard notation (Gjk) ■— (G 3 and is (for- 
mally) sclf-adjoint with respect to the measure 

d G x = det G{x) 1/2 dx. 

Since det G{x) 1 / 2 is bounded from above and below, the spaces L 2 (R d ,dx) and L 2 (R d ,dcx) co- 
incide and have equivalent norms. We will thus use the unambiguous notation L 2 (M d ) (or L 2 ) in 
the sequel. By A G we will also denote the self-adjoint realization of (|1.2p . whose domain is H 2 . 

The main purpose of this paper is to investigate the low frequency estimates for powers of the 
resolvent of —Aq, namely the behaviour of 

(—Aq — z)~ n as z approaches 0, 

in suitably weighted L 2 or LP spaces. The analysis of the resolvent near the thresholds of the 
spectrum is a natural question in itself, but we shall also discuss applications to the time decay of 
wave and Schrodinger equations. 
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We first consider resolvent estimates. The study of the limiting absorption principle, namely 
the behaviour of (powers of) the resolvent of self-adjoint operators as the spectral parameter 
approaches the absolutely continuous spectrum is a basic problem in scattering theory and there is 
a huge literature on this topic which we can not review here. For the operators considered in this 
paper (and more general Schrodinger operators), the analysis of (-Ag — z)~ n is rather well known 
as long as Re(z) remains away from 0; by the results of [TH1 HE] (and those of [2UJ to ensure that 
— Aq has no embedded eigenvalues in its (absolutely continuous) spectrum [0, oo)), we know that, 
for any / <s (0, oo) and n > 1, the limits lim e ^ ±( _ ^G — A — ie)~ n exist as bounded operators 
between dual weighted L? spaces, provided that A e /. The asymptotics as A —> +oo have also 
been widely studied in various contexts, perhaps more for the resolvent itself than for its powers, 
but this is not a serious restriction since, in the high energy or semiclassical regime, one can get 
estimates for powers in terms of estimates of the resolvent (see [TTlfTB] and Subsection 16.21 below) : 
basically ||(— Ac — A — i0) -T *||' grows as ||(— Aq — A — i0) _1 ||™, if || • || and || • ||' are operator 
norms between suitable weighted L 2 spaces. In this regime, the asymptotics depend crucially on 
whether the geodesic flow is non trapping, namely if all geodesies escape to infinity as time goes to 
infinity, or trapping: see [29l [37l HH [23 [35] for the non trapping case, (23] [25] for weak trapping, 
and [S[ [SJ [7] in the general case, ie without condition on the geodesic flow. 

The situation is definitely different as Re(z) — > 0. At first, we note that the geodesic flow plays 
no role in this non semiclassical regime. More importantly, there is no hope to deduce bounds on 
powers of the resolvent from bounds on the resolvent (—Ac — z)~ 1 as above. We know indeed that 
{—Ac — z)^ 1 remains bounded for z close to (see [2] [4] [15] for the long range metric case) but, as 
we shall see below, its powers start to blow up as z — > if n is large enough (essentially n > d/2). 
This can be seen on the example of the flat Laplacian on R 3 whose kernel of the resolvent reads 

1 iz 1/2 \x-y\ 

G z {x, y) = ; -, Im^ 1 / 2 ) > 0. 

47r \x — y\ 

Indeed, since (—A — z)~ 2 = 4-{— A — z) _1 , we see that for z e C \ R, 

Wi-A-zrX^L^l, ||(-A- Z )- 2 |U^« W" 1/2 , (1-3) 

where the first estimate follows from the Hardy-Littlewood-Sobolev inequality. Of course, such 
LP — > LP estimates imply weighted L? estimates using, in the present case, the boundedness of 

(x)- 1 - 6 : L 2 (R 3 ) -> L 6 / 5 (R 3 ), (a;)" f_£ : L 2 (R 3 ) -> L 1 (R 3 ), 

and their adjoints (for any e > 0). 

The literature on powers of the resolvent near the energy is rather lacunary in the long range 
case. Actually, this topic seems to have been studied for Schrodinger operators —A + V only, in 
[2~3] for V of definite sign and in [T3] for V sufficiently negative at infinity (see also [3H] in the radial 
case). We note that, for such potentials, the resolvent behaves differently to the free resolvent in 
that its powers are uniformly bounded as Re(z) —> + , unlike (|1.3[) . Our first purpose is to show 
that, for variable coefficients metrics, we get the same kind of estimates as in the free case. 

To state our results, we introduce the notation 

f(d) = the largest integer strictly smaller than d/2. (1-4) 

In other words f(d) is the integer part [d/2] of d/2 if d is odd, and | — 1 if d is even. The notation 
r refers to the fact that it will be interpreted as some regularity index further on. Let us remark 
that, in all cases, f(d) > 1. We also introduce the conjugate Lebesgue exponents 

p{n) = dft q{n) = d^' for 1 - n - r " (d) ' (L5) 
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which belong to (1, oo) since n < d/2 by definition of r(d). Finally, we denote by A the (self-adjoint 
realization of the) generator of L dilations, namely 

x ■ V d . 
A=— + -. 1.6 

i 2 

Our main result is the following. 

Theorem 1.1. Fix d > 3. There exists k > and C > suc/i f/iaf, /or 1 < n < f(d), 

\\( K A + i)- n (-A G -z)- n ( K A-i)- n \\ Lvin) ^ Lq(n) <C, |Re(z)|<l, 
and, /or n = N := f(d) + 1, 

1 . if d is odd, 

\\(kA + i)- N (-A G - z)- n (kA - i)- N \\ L1 ^ Lae < C|Re(2)r 1 / 2 , 

2. if d is even, then for all q > 2d there exists C q > such that, 

||M + l )- JV (-A G -z)- w M + z)- JV || Lg/( ,_ 1) ^ L? <C,|Re(z)|-¥ , 

both for < \Rc(z)\ < 1. 

Up to the weights {nA±i)^ n , this theorem generalizes the estimates (|1.3[) to long range metrics 
in all dimensions greater than 2. In odd dimensions, our result is sharp from the point of view of the 
singularity at z — 0, as shown by (| 1 . 3|) . We also point out that for small long range perturbations 
of the flat Laplacian (when G — I is small everywhere on R d , not only at infinity as imposed by 
(II. such estimates actually hold for all z, ie also for large ones, and are scale invariant (see 
Subsection 15. 1| . 

The LP — > LP estimates of Theorem 11.11 can be turned into the following weighted L 2 — > L 2 
estimates. In fact, as one can see from Subsection 15.21 below. Theorem 11.11 and the following one 
are equivalent. 

Theorem 1.2. Let N — f(d) + 1. For all 1 < n < N and v > 2n, we have: for n < N — 1, 

\\{x)-"{-A G -z)- n {x)- v \\ L2 ^<C, |Re(z)|<l, (1.7) 

and, for n = N , 

1. if d is odd, 

||( a ;)-'(-A G -z)- JV < a; >-'|| i . a _ vZ . a <C|Re(^)|- 1 /2, 

2. if d is even, then for all e > 0, 

1 1 (x) (- A G - z)~ N (x) 1 1 L2 ^ L2 < C e \Re(z) \ " £ , 

both for < |Re(z)| < 1. 



3 



We implicitly assume that Im(z) ^ in these estimates but, since one knows that pointwise 
limits exist as ±Im(z) — > + (if Rc(z) ^ 0), this is not a restriction. 

We now study the applications to the local energy decay. Let us consider 

id t u + A G u = 0, U|4 =0 =u , (1.8) 
dfW - A G w + m 2 w = 0, w\ t=0 = f, d t W\t=o = 9, (1-9) 

which are respectively the Schrodinger equation and Klein-Gordon equation (m > 0) or wave 
equation (m = 0). We are interested in the decay as t — ¥ oo of 

\\xu(t)\\ L z, \\xdtw(t)\\ L 2 + \\ X w(t)\\ m , (1.10) 

for some spatial localization \, typically \ G Co° or m ore generally xi x ) — { x )~ v f° r some v > 0. 
Using estimates on the resolvent alone (ie those for n = 1 in (|1.7[l ). it is well known that one 
can recover L 2 (K, dt) estimates for (|1.10[) which is a weak form of time decay (see for instance 
[30l I3T1 l22l [3J [34] in contexts close to ours). Proving quantitative decay rates requires more 
information, for instance estimates on powers of the resolvent as we recall now. 
The flows of the equations (|1.8[) and (ll.9[) are functions of Ag namely, 

u(t) = e^tio, «,(*) = cos (tV^A^) / + " A AG) g - 

v ' v?™ — Ag 

If we denote by (£\) AeR the family of spectral projections associated to — Ag, the latter reads, for 
instance for the Schrodinger equation, 

e UA ° = J e- ltx dE x , (1.11) 

where the spectral measure dE\ can be recovered from the resolvent by the following Stone's 
formula (see [37] for a proof and Lemma T6.9I below for a precise statement) 

dE x = lim — ((-A G - A - ie)- 1 - (-A G — A + ie)- 1 ) dX. 
eio 2in y ' 

Thus, by using the Stone formula in (11.111) and integrating by part, one expects to recover time 
decay for (jl.lOD from the smoothness of the resolvent with respect to A, that is from the integrability 
in A of lim c ^ + ( — — A ± ie)- n . 

This is of course a rough formal description but this approach is well known and can be made 
rigorous (see Section [S]), provided that the corresponding integrals are convergent with respect 
to A. Its justification requires two types of estimates: high frequency estimates (A — > oo) and 
low frequency estimates (A — > 0). As we recalled above, the high frequency estimates are often a 
delicate question, especially when there are trapped geodesies. But independently of this question, 
whatever the classical dynamic looks like and whatever methods are used to study the resolvent 
(e.g. resonances theory or Mourre theory), one also needs to deal with the low frequencies. For 
the local energy decay, the latter has been treated in the litterature for fast decaying perturbations 
(from [HI [331 E] for compactly supported perturbations to [351 12S] m the short range case, with 
radial assumptions in (26) h For long range metrics, there are either conditionnal results ( 9 which 
assume that the resolvent can be continued accross the absolutely continuous spectrum near 0) or 
spectrally localized estimates ([51135] where the evolution e lt ^~ Aa ^ a is replaced by e ,t ( _A e)°^(Ag) 
with ip = near 0). We should also mention the recent results for asymptotically flat space times 
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[3"2] where a (sharp) pointwise energy decay is obtained for long range perturbations, which are 
radial up to short range terms (see also [H] for a purely radial situation). 

Using mainly Theorem 11.21 and the known results on high energy estimates [7] , we obtain the 
following general result. 

Theorem 1.3. Let d > 3 and assume M.l\) . For all positive real numbers s > 0, v > there exists 
C > such that, for the Schrddinger equation \1.8\ ), 

\\{x)-»u{t)\\ L2 <C{l + \og{t))- s \\{xYu \\ H ^ 

and, for the wave and Klein-Gordon equations U.9)) . 

\\(x)- v a t w(t)\\ I ^ + \\(x)- v w(t)\\ H1 <c(i + iog(t)y s (\\(xyf\\ m+s + \\(xy g \\ H s). 

We emphasize that the main novelty in this result is that no spectral cutoff is needed on the 
initial data and that the metric G is long range. Furthermore, we don't use any spherical symmetry. 
The time decay is very weak, but on the other hand there is no assumption on the geodesic flow. 
This is an analogue of a result of Burq [5] , obtained initially for compactly supported perturbations 
of the Laplacian and then generalized to long range perturbations but with spectrally localized 
initial data in [8]. 

Under the non trapping condition, we obtain the following stronger decay which we shall prove 
for the Schrddinger equation only. Here we use the notation (jl.4p . 

Theorem 1.4. Let d > 3, assume 1 1.1)) and that the geodesic flow is non trapping. For all real 
numbers v > 2(f(d) + 1) and < s < v , there exists C > such that, for the Schrddinger equation 

EM, 

\\{x)- v u{t)\\ L2 < C(t)-^\\(xyu \\ H -s. (1.12) 

Notice that, in addition to the time decay, (|1.12l) also means that we have a smoothing effect 
(as is naturally expected for the Schrodinger equation with a non trapping metric). 

As in Theorem ll.3l the main point in Theorem ll.4l is again the (non radial) long range assump- 
tion and the absence of spectral localization on the initial data. Besides we note that if one avoids 
the low frequencies, ie replaces u{t) by $(Ag)«(f) with $ = near and smooth, one can show 
that (x) _l/ $(Ac)w(i) decays as t e ~ v ', ie with time decay rate growing with the spatial decay rate. 
Thus we have a fast decay in time if {x)~ u is replaced by a Schwartz function. This illustrates the 
fact that, in the non trapping case, the time decay is governed by the low frequency part of the 
spectrum. From the free case, we also know that this decay cannot be more than {t)~ d ^ 2 and we 
note that, in odd dimension, (t)~ d / 2 = (t)~ r ( d )~2 . 

Remark. We comment that, in principle, our method would show for the wave and Klein-Gordon 
equations with non trapping metrics that 

\\(x)-»d t w(t)\\ L , + \\(x)- v w(t)\\ m < c(t)- f w (\\( x yf\\ m + \\(xy 9 \\ L z). 

We leave this as a remark since its proof would require bounds of the form, for ip £ C^°(0, +oo), 
\\{x)-»e it ( m2 - A ^ 1/2 <p(-h 2 A G ){x)-' / \\ < C t (ty-», t £ R, h £ (0, 1], 

for all e > (see the proof of Theorem 11.41 in Subsection I6.3[) . The point in the latter estimate is 
that it is uniform with respect to h and cannot be clearly deduced from resolvent estimates only. 
It could however certainly be obtained as the similar one for the Schrodinger equation proved by 
Wang [37] using the Isozaki-Kitada parametrix. 



5 



2 Model operators 



In this section, we introduce a class of second order differential operator which are small perturba- 
tions of the flat Laplacian. They will serve as models at infinity, in the sense that the Laplacians 
(|I.2j) will be unitarily equivalent to compactly supported perturbations of such operators (see 
Subsection 15.21) . These model operators are of the form 

P = a jk {x)DjD k + b k {x)D k , (2.1) 

where we use the summation convention and D k = i d/dx k . We also assume that 

P is formally symmetric on L 2 (R d ) with respect to the Lebesgue measure. (2-2) 

By formally symmetric, we mean symmetric when tested again functions of the Schwartz space S. 
The coefficients will be chosen in the following spaces. For integers such that 

N > 0, 0<o<l, r>0 and o + r<f(d), 

where f(d) is defined by (|1.4|) . we introduce the norm 

\\a\\o,r,N= E ll 9a ( X - V )" a H L ^k' 

71<JV, 

|a|<r 

and define 

S°' r ' N = {a e C 6 °°(K d ) | \\a\\ , r , N < oo}. 

In most statements of Sections [2] and [3j we shall also assume that P is a small perturbation 
of —A in the sense that, aj k — 5j k (8j k = Kronecker symbols) and b k will be small in appropriate 
spaces, explicitly given in each proposition. A first example of such a statement is the following. 

Proposition 2.1. For all cij k ,b k G C£° such that 

is small enough, then P : S — > L 2 has a bounded closure P : H 2 — > L 2 and P is self-adjoint on L 2 
with domain H 2 . 

This proof of this proposition is completly standard and the existence of a self-adjoint realization 
holds under much more general assumptions. The smallness of e is only used to ensure that the 
operator is uniformly elliptic. The assumption that the coefficients belong to C£° guarantees the 
existence of the closure of P to H 2 and the fact that the domain of P is also H 2 by elliptic 
regularity. This proposition has to be considered as an algebraic preliminary, which is convenient 
for it gives explicitly the domain of P. But, as far as estimates are concerned, all the bounds 
obtained below will be given in terms of S°' r,N norms only, so the condition aj k ,b k € C£° is 
essentially irrelevant. 

Most of our estimates rely on the following elementary proposition. 
Proposition 2.2. There exists C > depending only on the dimension d such that 

\\ad 3 d k u\\ L 2 <C||o||o J i 1 o||Au|| ia , (2.3) 
\\bd k u\\ L * <C||&|| 1 , 0l o||Au|| £! . ) (2.4) 
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and 

\\adjd k u\\ H -i < C||a|| ,i,o||Vu|| L 2, (2.5) 
\\bd k u\\ H -i <C||6||i,o,o||V«||i», (2.6) 

for all u€S, all aE 5 ' 1 ' and b € S 1 ^ . 

Proof. We consider first (|2.3[) and (|2.4[) . By a standard limiting argument we may assume that 
the Fourier transform of u vanishes near 0. Then 

Q.Q 

a{x)d 3 d k u = a(x)jy±\D\ 2 u : 

so (|2.3p follows from the bound ||o||o,i,o < IM|l=° and the L? boundedness of djd k /\D\ 2 . To prove 
(|2.4p . we use the Holder inequality 

MI^<IMMMU»*> (2.7) 

and the Sobolev inequality 

<IIWIU>. (2.8) 

Indeed, by writing 

b k {x)d k u = b k {x) — jj^\D\ 2 u, 

we get the result since on one hand D| is bounded on L 2 and on the other hand (|2.7[) and (12.81) 
yield 

iN^rviu* < ii&fciu*ni-Di"ViU"' < inmmu 

for all ^ G 5 with Fourier transform vanishing near 0. We now prove (|2.6[) . The latter simply 
follows from the fact that 

\(ip,bd k u)\ < \M\ L ,\\d k u\\ L , < ll&lliillV^ll^llVull^, 

using again (12.71) and (12.81) . Finally for (12.51) . we write 

a(x)djd k = dj[a[x)d k ) - (dja)(x)d k , 

for which the contribution of the first term follows by an integration by part, and the contribution 
of the second term follows from (|2.6p since dja € S 1 ' 0,0 . □ 

A first consequence is the following. 
Proposition 2.3. For all P satisfying K2. ty) and such that 

\\0-jk — <Sj-fc | |o,l,0 + ||&fc||l,0,0 

is small enough, we have 

i||Vw||| 2 < (Pu,u) < 2||Vu||£ a , (2.9) 

i||A u || L 2 < HPullia < 2\\Au\\ 2 L 2. (2.10) 

for all u € H 2 . In particular, 

P>0. (2.11) 
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Proof. It suffices to prove the result when u € S. To prove (I2.9p . we write first 

P = D J a jk {x)D k + (b k (x) - idjOjk(x)) D k . 

Then 

(Pu,u) = ||Vu|| 2 + ((ojfc - 6jk)D k u, Dju) + ((6 fe + idjajk)u, D k u), 

so that 

(Pu,u) - ||Vu|| 2 < Hflj-fe - 5jfc||x,»>||Vu|||3 + \\b k - idja jk \\Ld\\u\\ L 2* ||Vu|| L 2, 

using the Holder inequality (12.71) . We conclude with the Sobolev inequality (I2.8[) . The estimate 
(|2.I0[) follows simply from the fact that 

Pu = -Au + (ajk(x) - 5j k )DjD k u + b k (x)D k u, 
and Proposition 12.21 □ 

We next recall the definition and some elementary properties of A the generator of L? dilations 

e irA tp = e^ T ip(e r x), 

which is given by (|1.6p . We have the identities 

\\e lrA ^\\ LP = e T (*-f)|M|LP, p6[l,oo], (2.12) 
\\d a e" A V \\ L , = e T|Q| ||a>|| L2 , (2.13) 



which arc convenient to prove the LP — ► LP or H s — ¥ H s boundedness of 

<>±oo 



{kA - C)- 1 = - / e-"V rKj4 dr, ±Im(C) < 0, 
i Jo 



(2.14) 



for suitable parameters k, s and p. For instance, if s > is an integer, we have the useful estimate 
||e iTK> V||ff. <C(l + e™)|M|*., V eS. (2.15) 

Lemma 2.4. There exists C > suc/i i/iai, /or aZZ r € R, k > and ( e C\I such that 
|Im(£)| > k\t\, one has 

/or all ip e H r C\ L 2 . 

Proof. We may assume that r > 0, otherwise we consider the adjoint. We consider the norm 

\\u\\ H <- = \\u\\ 2 + |||£>| r u|| 2 , 

and recall that 

\D\ t (kA - C)' 1 = {kA-C- inr)- l \D\ r , (2.16) 



which follows from ([2.14j) (see [5]). This formula and the self-adjointness of A give 
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so the result follows using 1 1 (kA - C)"V| \ L 2 < |Im(C) I -1 1 1^1 U 2 and |Im(C)| _1 < (|Im(C)l - «r) _1 . 
□ 

We now consider commutators with A. We recall the following standard notation, 

ad^P = P, ad A P = [P, A] , ad^P = [ad^ _1 P, A] . 

Here the commutators are defined in the sense of differential operators acting on Schwartz functions. 
One easily checks that 

i n &d n A P = a%\x)D j D k + b[ n) {x)D k , (2.17) 

with 



a% ) = (2-x-V) n a jk , = (l - x ■ V)V (2.18) 



^ = (2-x-V) n a, fe , 6f) 
Proposition 2.5. For all n > 0, there exists C n such that 



IKfc||o,l,n + ||&fc||l,0,n ||Au|| L 2, (2-19) 

\ jk 

for all u G S, a,j k G S ' ,n and b k G S ' ' n . In particular, 

1 - V52j,k \\ a jk ~ 5jfc||o,i,o + ||6fc||l,0,0 is small enough, then 

||ad^Pu|| L 2 < C n J2\\a jk \\ 0A , n + ||6 fc ||i,o,„ ] \\Pu\\ L 2, (2.20) 

2. ifJ2j k \\ a jk ~ <5jfc||o,i,i + IIM|i,0,l * s sma M enough, then 

1 



u. 



i[P,A]u)>-(u,Pu), (2.21) 



for all u G S. 



Proof. The estimate (|2.19p follows from Proposition 12.21 and (12.181) . If Yljk \\ a jk ~ ^jfello,i,0 + 
||&fe||i,o,o is small then we may replace ||Au||^2 by ||Pu||i2 in (|2.19p using ((2.101) . which proves 
(|2 20p . To prove (I2.21[) . we proceed similarly to (j23| to show that (u,i[P,A]u) > ||Vu||| a (note 
that i[P, A] is close to — 2A) and use (|2.9p to conclude. □ 

The estimate (|2.2ip is a positive commutator estimate which holds uniformly for all a,j k , b k in 
bounded subsets of S°' 1,n and S 1 ' 0,71 respectively and satisfying the smallness condition of item 
2. In the same spirit, the estimate (|2.20p means that ad^P is relatively bounded with respect to 
P with a fairly explicit dependence on the coefficients aj k , b k . In the next proposition, we derive 
some useful related estimates. 
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Proposition 2.6. For all n, &d A P : S — > L 2 has a bounded closure 



provided that ajk £ S ' ' n , £ S 1,0 ' n . If in addition H2. 2\) holds and 

\\djk — Sjk\\o,l,0 + ||&fc||l,0,0 

is small enough, then for all integer j > 0, 



(2.22) 



\ — i i 



\B,& n A P{nA + i)- ] (P - z 



< 



(1 - 2n)j 



1 1 Otj'fe ! 1 0,l,rj + ||&fc||l,0,n 

jk 



dist(2, [0, oo)) ' 



for all z £ C\ [0, oo) and all < K < 1/2. In particular, if the coefficients a^j, bk belong to bounded 
subsets of S > ' n and S ' respectively, and if \2. 22)) is small enough, then a,d A P is P bounded 
and 



= <1, 



||adV(P + l) '| 
uniformly with respect to these coefficients. 

Proof. The existence of the closure follows from (|2.19l) . The prove the estimate, we write 
^XPinA + iyUP- zV 1 = adp-(l- A)" 1 ({kA + i)- ] (P - zY 1 



(2.23) 



-{tiA + i- 2in)~ j A(P-zy 

using (|2.16|) . We conclude by using (|2.19[) and the lower bound in (|2.10p which shows that, for 
fc = 0, 1, 



A k (P - z)- 1 ^,,^ <\\p k (P - zy'W < sup 



Ae[o,' 



X-z 



< 



dist(z, [0, oo)) ' 



the second estimate following from the Spectral Theorem and the fact that spec(P) C [0, oo) by 
(12~TTD . □ 



3 Weighted functionnal calculus 

In this section, we investigate the I? — > L 2 (and sometimes P _1 — > H 1 ) boundedness of operators 
of the form 

{ K A + i)- n X (P)(KA + i) n , 

with P as in Section [2] and where x may be a bump function in Cq°, or corresponds to (P — ^)~ 1 
ie x( a ) — ( a ~~ z )^ 1 - The expression above is not well defined on I? for it can be applied only 
to functions in Dom(A n ), but we shall see that it has a bounded closure. This kind of results is 
well known, but the additional point we want to stress here is to which extent the norms of these 
operators are uniform with respect to the coefficients ajk,bk defining P in (I2.1[) . Since this is a 
crucial tool in the proof of Theorem 11.21 (or, more precisely, of Theorem 15.31 below), we devote a 
section to this topic. 

The following lemma will be of constant use in the sequel. 
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Lemma 3.1. For all n > 0, all u 6 77 s , mi/i s > 0, and all k > such that us < 1, there exists a 
sequence 9j in such that, for k = 0, . . . , n, 

{nA + i) k 6j -> {nA + i) k ~ n u, inH s , 

as j — > oo . 

Proof. Let first Tj = \ /J e - T e 2rKA d<. By 

Tj -> (kA + i) -1 , strongly on 77 s , 
and using nAe itKA = -^e itKj4 , 

(kA + i)T,j = 7 - e - j e ijKA on Dom(A), 

where 

7 - e~ j e ijKA -> 7, strongly on 77 s . 

We can now prove the existence of 0j by induction on n. The result is clear if n = 0. For n > 1, 
the induction assumption allows to pick tpj in Cfi° such that, for k < n — 1, 

(«A + -> (kA + i) fe -" +1 u 

in 77 s . We then define 

Clearly, 9j belongs to Cq° since the integral defining Tj is over a bounded interval. Furthermore, 
since (kA + i) k commutes with Tj, we have, for k < n — 1, 

(/cA + i) fc 0j = T^/wl + ^Vj 
Further, for fc = n, 



7} (/o4 + + o(l) — > (kA + i) k - n u. 



{KA + i) n 0j = (/c.A + i)Tj(nA + i) n ~ 1 ipj, 

= (KA + i^epj-e-h^iKA + i) 71 - 1 ^ — >u, 

and the result follows. □ 

Definition 3.2. If B : L 2 ^ L 2 is a bounded operator and n>0 an integer such that 

(kA + iy n B(nA + i) n : S — > 7 2 , 
ftas a bounded closure to L 2 , we denote by 



B K ^ n = (kA + i)- n B(nA + t)» 

this L 2 —> L 2 closure. 

Proposition 3.3. Let B be a bounded operator such that B K ^A,n exists. Then 
1. 

B KA , n {nA + i)- n = (KA + i)- n B. 
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2. If C is another bounded operator such that C K .A. n exist then (BC) k ^a.u exists as well and 

B Kj A,nC Kv A,n — (BC) K ^A,n- 

Item 2 gives a rigorous sense to the formally trivial identity 

(kA + i)- n B{nA + i) n {nA + i)- n C{nA + i) n = (kA + i)- n BC{nA + i) n . 

Proof. To prove that 1 holds when applied on any ii e I 2 , we use Lemma [3.11 to pick Oj £ 
which approaches (kA + i)~ n u and such that (kA + i) n 0j approaches it, both in L 2 . 
We prove now 2. It suffices to show that, for all ip € S, 

(kA + i)- n BC{nA + i) n i> = B K , A ,nC Ki A,nlp- (3.1) 

Fix such a ip and let 

U = C K<AtTl ip = (kA + i)- n C{nA + i) n ip e L 2 . 

Choose Oj as in Lemma T3. II so that Oj — > u and (kA + i) n 0j — > C(kA + i) n ip in L 2 . Then, on one 
hand 

B K , A ,nOj — > B K ^A,nC K ^A,n^P, (3-2) 

and on the other hand, 

(kA + i) n B KtA , n 0j = B{kA + i) n 8j -> BC(kA + i) n tp, in L 2 , 

so we get 

B K>A ,nOj -> (kA + i)- n BC{nA + i) n ijj, in L 2 , 
which, together with (|3.2p , implies (13.11) . □ 

For future purposes, we also record the following straightforward lemma which gives a precise 
meaning to the formal expression 

(kA + i)- n B(nA + i) n = {kA + i)- 1 ((kA + i) l - n B{nA + i) 71 ' 1 ) {kA + i). 

Lemma 3.4. Let B be such that B K ,A.n md B K ^A, n -i exist. Then 

B K ,A, n = M + jJ-iB^-iM + i), (3.3) 
the right hand side denoting the L 2 L 2 closure of the corresponding operator defined on S. 

We shall also need the following result. 

Proposition 3.5. Let Q be a second order differential operator with smooth coefficients such that 
Q and [Q,A], defined on S, have bounded closures 

Q, ]^A}:H 2 ^L 2 . 

Then, for all < e < 1/2 and u € H 2 , we have 

(eA + = Q(eA + i)- 1 u - e{eA + A](eA + 
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Note that, by Proposition ^. 61 any Q of the form ad^P satisfies the assumptions of this propo- 
sition. 

Recall also Lemma which shows that (eA + i)^ 1 is bounded on H 2 so that Q(eA + i)" 1 and 
[Q, A](eA + iy 1 are well defined on H 2 . 

Proof. Choose Oj as in Lemma [5TT1 such that (eA + i)9j u and 9j — > (eA + i)~ 1 u in H 2 . Observe 
that 

Q{eA + i)6 3 = (eA + i)Q0j + e[Q, A]8j, 
and apply (eA + iy 1 to this equality. The result follows by letting j —> oo. □ 

Applying Proposition 13.51 with Q = P, and applying (P — z)^ 1 to the left of the corresponding 
identity we get: 

Lemma 3.6. For all < e < 1/2 and z </ [0, oo), 

{eA + i)- 1 ^ - z)~ X = (P- z)~ X (eA + i)' 1 - e(P - Z y\eA + %y 1 \P^(eA + iy 1 (P - z)~\ 
as operators from H 2 to L 2 . 

The latter lemma is useful to prove the following identity (note that we swap the resolvents of 
P and A). 

Proposition 3.7. For all i/j £ Cfi° , all k > and all z £ [0, oo), we have 

(kA + iy 1 (P - zy 1 (kA + i)ip = (P - z) ~ V + k{kA + i)- 1 (P-z) _1 [P, A](F-z) ~ V 
Proof. By the Spectral Theorem, we have 

i(eA + iy 1 ->• I, e^O, 
in the strong sense on L 2 but also in H 2 by (|2.16[) . On the other hand, one easily checks that 

i(eA + +i) = ™I+ (l - ~) (eA + 

so using Lemma 

(P - zy 1 (KA + i)i(eA + i)~ 1 ifj = (kA + i)i(eA + iy 1 (P - z)^ 1 ^ + 

(« - e)(P - Z y X (eA + iy 1 [PTA\(eA + i)' 1 ^ - z)~\. 
Applying (kA + iy 1 to this identity and letting e — > 0, we get the result. □ 

Corollary 3.8. For all z ^ [0, oo) and all k > 0, (P — z) A 1 exists and is given by 

(p - cli = (p- z Y 1 + < kA + cp - *r l W(p zy 1 - 

Notice that we do not need k to be small since this identity makes sense for operators on 
L 2 . If we want this result to hold in the sense of operators from L 2 to H 2 we have to restrict to 
< k < 1/2. 

We next will prove more generally that (P — z ) K \ n exists for any n. We will proceed by 
induction using Lemma 13.41 

13 



Proposition 3.9. For all z [0, oo), all < k < 1/2 and all n > 0, (P — z) . n exists and is a 
linear combination of operators of the form 



I 



(kA + i)-' H (P - z) 1 \\ ((kA + i)-^ ad^ P{kA + i)- k » (P - z) 1 
v=\ 

the product meaning composition of operators, from the left to the right increasingly in v (it is I if 
1 = 0), and where 

< I < n, < ii,j v ,k v < n. 

The coefficients of this combination are non negative powers of k times complex numbers which 
are independent of k, z and P. 

Proof. We proceed by induction on n, the result being trivial if n — 0. To go from step n — 1 to 
n, using Proposition 13.31 and Lemma l3.4[ we have to show that B k ^a,i exist for operators B of the 

form 

( K A + i)- k , (P-z)' 1 , &d j A P( K A + i)- k (P- z)~\ 

This is trivial for the first one and follows from Corollary 13.81 for the second one. We thus consider 
the third one, which requires k < 1/2 to ensure that (kA + i)~ k maps H 2 in H 2 . By Proposition 
13.51 (with e = k), we have 

(kA + iy 1 a,d j A P = (ad A P - k(kA + i)' 1 &~& 1 A Tr P^ (kA + i)- 1 , 

which, by Proposition 13.31 and Corollarv l3.8[ shows that 

(sA 3 A P{nA + i)- k (P - = (ad J A P - k(kA + z)~ 1 ad J A +1 pj (kA + i)~ k (P - z)~\ v 

which is a linear combination of products of operators of the expected form. □ 

We summarize the result obtained so far and derive somes estimates in the following proposition. 

Proposition 3.10. There exists e > such that, for all integer n > and all M > 0, there exists 
C > such that for all coefficients £ S a,1,n , bk € S' 1 ' '™ such that 



is satisfied 

2 - J2j,k IKfc ~ Mlo,i,o + INko,o < e 

3 - Ej,Ja.7fclkl,n + INIl,0,n <M 

and for all z [0, oo), all < k < 1/4, we have 

ll(P-^„IL^<c( dist( ^ oo)) )° +1 . (3-4) 

Notice that we could consider < k < 1/2, but we restrict to the case k < 1/4 to get a k 
independent estimate in (|3.4I) . We would otherwise get some positive power of (1 — 2k) _1 in the 
right hand side. 

Proof. The result follows from the form of (P— z)~\ described in Proposition 13 .91 combined with 
the estimates of Lemma 12.41 and Proposition 12.61 □ 
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Corollary 3.11. Fix n > integer, M > and \ 6 Cq°(K). TTierc i/iere exists C > suc/i i/iai 
for all coefficients ajk,bk satisfying 1,2 and 3 in Provosition 1 3. 1(A and for all < k < 1/4, the 
operator x{P)k,A,u exists and we have 

\\x(P)K,A,n\\ L ^ L2 <C. (3.5) 

Proof. It is a simple consequence of Proposition 13.101 and the following Helffer-Sjostrand formula 
(see for instance [TTj ) 

X (P) = i / ax(z)(P-z) _1 L(dz), 



where L{dz) is the Lebesgue measure on C ~ K 2 and \ € Cg°(C) is an almost analytic extension 
of x, ie such that dx{z) = 0($xa.(z)\°°) and X|r = X- D 

We shall also need the following proposition. 

Proposition 3.12. There exists e > such that for all n > integer and all M > 0, there exists 
C > such for all coefficients ajk,bk satisfying 1,2,3 in Provosition \ 3.1 01 we have 

II( P + 1 )« i a,« u II^ < CHuH^-x, (3.6) 
for all u G L 2 and all < K < 1/4. Furthermore, if x G Co°; we have 

\\x(P) K , A , n u\\m< C \\ u \\H-^ ( 3 - 7 ) 
Proof. It suffices to prove (I3.<3[) since (13. 7[) would then follow from (|3.5[) and (|3.6|) using the identity 

x fp) ^(p + i)" 1 , yrp) , (p + ir* , 

A V I K,A,n V /K,A,n A V I K,A,n\ I K,A,n' 

with x(a) = (a + l) 2 x( a )j which is justified by Proposition ^. 31 Let us prove (|3.6p . Using the form 
of (P + l) K ^ Tl given by Proposition 13.91 the result would follow from the estimates 



P + l) l u\\ m < C\\u\\ H -i, ueL 2 , (3.8) 



llad^H^, < C\\v\\ H i, veH 2 ,j<n, (3.9) 
IKkA + i^wW^ < C\\w\\ H ±i, weH^ 1 , (3.10) 

for some C independent of the coefficients of P and k. The estimate (|3.9[) follows from (I2.5P and 
(|2.6p . The estimate (|3.10p is given in Lemma [2^41 in the + case, and is the adjoint of the H 1 —>■ H 1 
bound on (kA — i) _1 in the — case. Finally (|3.8p follows from the bound 

\\(P+l)-^ a u\\ H i <C\\u\\v, ueL 2 , (3.11) 

(and the adjoint one) which follows in a standard fashion from (|2.9p . □ 

4 Elliptic estimates 

In this section, we prove some elementary elliptic regularity estimates for (P + l) ^ (recall 
Definition 13. 2p . Everywhere we set 

r = f(d), 

where r(d) is defined by (|1.4p . We start with the following result. 
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Proposition 4.1. Let o £ {0, 1} and s be an integer such that < s < r. Then there exists C 
such that 

\\au\\ H s- < C||a|| 0jr _ 0j o||u||ij», (4.1) 

for all a £ S°^-° fi and uES. 



The estimate (|4.1|) means that the multiplication by a behaves like a differential operator of 
order o. 

Proof. We consider first the case when s = and o = 1. In this case, the result follows from 

IMIff- 1 ^ IIHL-m < IMIz/illuii^, 

L d + 2 

by the Holder inequality. In the other cases, we have s — o > and we proceed as follows. Observe 
that, for any < k < d/2, 

ii^iu*<iMyiMi L ^, (4.2) 

by the Holder inequality. Let |a| < s — o. By the Leibniz rule, 

\\d a (au)\\ L ,<Cj2\\(d' y a)(d a -^u)\\ L2 . 

Since u € H s , we have 

the last inclusion being the usual Sobolev embedding (here we use that r < d/2). By the continuity 
of this embedding and (|4.2[) . we have 

\\(d^a)(d a ^u)\\ L2 <C\\d^a\\ ,\\u\\ H s, 
from which the result follows (recall that o + \j\ < o + \a\ < s < r). □ 

Using the self-adjointness of P, we obtain the following result for Sobolev spaces of positive or 
negative order. 

Corollary 4.2. For all integer n > and —r < s < r integer, 

||ad^(P + A)u\\ H ,-i < \^2\\ajk-Sj k \\o, r ,n + \\h\\l,r-l,n\ |MIh«+i, (4-3) 
V i" J 

for allueS and all a jk € S°' r ' n , b k G S 1 ' 7 " 1 ' 71 such that (2J$) holds. 

Proof. For non negative s, the result follows from Proposition 14. II and (|2.17p - (|2.18p . For negative 
s, one takes the adjoint since i™ad^(P + A) is (formally) self-adjoint. □ 

We next prove the following proposition which will be crucial in Subsection 15.11 

Proposition 4.3. Fix an integer n > and M > 0. There exists e > 0, kq > and C > such 
that if 

1G 



1. \\ajk — 5jfc||o,r,0 + ||&k||l,r-l,0 < e 7 
2- \\ajk\\o,r,n + ||6fc||l,r,n < M, 

3. < k < k , 
4- —r < s <r integer, 
then the operator 

(kA + i)~ n (P + 1)(kA + i) n H 3 - 1 n L 2 , 

has a bounded closure H s+1 — > H s denoted by [P + l) K ,A,n.s which is an isomorphism between 
H s+1 and H s ~ x and such that 

\\u\\h^/C< \\(P+l) K ,A,n,su\\ H ^ <C\\u\\ H s +1 , ueH s+1 . (4.4) 

Furthermore, with the notation of Definition \3.Sl 

ll(^+i)«,A,««l| ff . + i<C , IMlH- 1 . uetfnH*- 1 . (4.5) 

Proof of Proposition. Observe first that 

{nA + i)- n P(nA + i) n - P 

is a linear combination, with coefficients which are universal constants, of operators of the form 

K m (nA + i)- mi ad™(P), m x > 0, 1 < m < n. 

Therefore, using Corollary 14.21 and Lemma [^41 (with + 1) < 1/2) we have 

\\(kA + i)~ n P(nA + i) n u + Au\\ H s-i < (e + KM)\\u\\ H s+x. 

By choosing e and k small enough, we obtain the existence of the closure (P + l) K ,A,n,s and the 
fact that it is close to 1 — A in the H s+1 — > i? s_1 topology, hence is an isomorphism. We also get 
(|4.4p . To prove (|4.5p it suffices to show that 

(P+l)-l n = ((P+l) K ,A,n, s y 1 on L 2 HH S '\ (4.6) 
and then use the lower bound in (|4.4I) . One sees that (|4.6|) holds by checking that 

(P + IVaJP + l)»,A,n,.W =W, 8-l>0, 
(P+l) K ,A,n, S (P + 1 )K?A,n W = W > 8 - 1 < 0, 

for all w £ S. This follows from Lemma [3Tl by approaching u = (P+ l)(nA + i) n w in H s ~ l (hence 
in L 2 ) in the first case, and u = (P + 1)~ 1 (kA + i) n w in H 2 (hence in _ff s+1 ) in the second case. □ 

5 Resolvent estimates 

The purpose of this section is to prove Theorem II .21 The latter will be divided into two steps. In 
Subsection 15.11 we shall prove resolvent estimates for operators of the form (12.11) which are small 
perturbations of —A, using a scale invariant analysis. In Subsection 15.21 we will prove Theorem 
11.21 by combining a compactness argument and the estimates of Subsection 15. 1[ by reducing — Ac 
to a compactly supported perturbation of an operator of the form (|2.1[) . 



17 



5.1 Small perturbations 

Throughout this subsection, P denotes an operator of the form (|2.ip and, as before, P denotes its 
H 2 — > L 2 closure which is selfadjoint on L 2 with domain H 2 . We shall basically prove weighted 
estimates on (P — z)~ n seen as an operator from H~ n — > H" . The first step is to get L 2 —> L 2 
estimates and is the purpose of the following proposition. 

Proposition 5.1 (Jensen-Mourre-Perry estimates [19]). There exists e > such that, for all 
integer N > 0, all M > and all relatively compact interval I <s (0,oo), there exists C > such 
that, for all n < N, 

\\(A + i)- n (P-zy n (A + i)- n \\ L2 ^ L2 <C, Re(z)el, Im(z) ± 0, 

for all coefficients a jk G S ' 1 '^ 1 , h k G SM.-W+i sucft tfcat 

L 12.2]) is satisfied 

2 - J2j,k \\ a 3k ~ *jfc||o,l,l + ||6fe||l,0,l < e 

3 - J2j,k IKfc||o,l,iV+l + \\bk\\l,0,N+l < M. 

The latter result follows by tracking the uniform dependence of the estimates with respect the 
coefficients of P in the proofs of [TH]- We simply point out that the smallness of \\ajk — Sjk\\o,i,i 
and ||&fe||i,o,i guarantees the positive commutator estimate 

infsupp(x) 2 



X (P)i[P,A] X (P) > p^x^(P), 

for any x G C5°(]R + ), which follows from (|2.21|) . The other ingredient is the uniform P boundedness 
estimate (HT23|) . 

In the sequel, we shall use the notation 

a T (x) := a(e T x), r G E, x G R d , (5.1) 

namely 

a T = e irA ae- iTA . 
Here is the main property of the spaces S 0,r ~ 0,N . 

Proposition 5.2 (Scaling homogeneity). Let o G {0, 1} and o < r < f(d). For all a G S°' r ~°' N 
and t G R, 

e " 7 " | 1 1 o,i"~o,JV = ||o||o,r-o,iV- 

Proof. Observe first that 

(0r-Vra) T = 0r-V)> T ), (5.2) 

cither by a trivial direct computation, or by remarking that dilations commute with their generator. 
Then 

(as • V) n (9V) = e T ^ ((x ■ V) n d p a) T , 

and we see that 

e™\\{x ■ V) n d^a T )\\ Lwf _ =\\(x- Vrd^a\\ Lwf _, 
by an elementary change of variable in the integral when \/3\ + o ^ 0, and trivially if \/3\ + o = 0. □ 
We are now ready to prove the following theorem which is our main technical result. 
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Theorem 5.3. Let N := r(d) + 1. Fix a constant M > 0. Then, there exist e > and n > smc/i 
that, for all a jk € S°< F W' N+1 , b k e ^^(^-i.JV+i such that 

1. 12.2(1 is satisfied 

~52j,k W a i k ~ ^ifc||o,i,i + 1 1 1 1 1,0,1 < e , 

3 - Hj,k W a 3k - ^fe||o,f(rf),0 + ||&/s||l,f(d)-l,0 < £ : 

4- J2 h k \\ a jk\\o,f(d),N+l + ll^fc||l,r(d)-l,7V+l < M, 

we have the following estimates, 

• ifl<n< f (d) 

\\( K A + i)- n (P~z)- n (KA-i)- n ^\\ Lq(n) <C\\ip\\ LpM , (5.3) 

• if n = N and d is odd, 

\\( K A + i)- N (P-z)- N ( K A-i)- N cp\\ Lac , <CRe{z)- x ' 2 \\ip\\ L x, (5.4) 

• if n = N and d is even, then for all 2d < q < oo, 

\\{kA + i)- n (P - z)- n (kA - \ Lq < C q Re(z)-*i \\<p\\ L ^ , (5.5) 

all these estimates holding for 

(peS, Re(z) > 0, Im(z) ^ 0. 

This result can be viewed as a version of Theorem 1 1.1 1 for small perturbations of the flat metric. 
Notice that the coefficients of the perturbation are taken in the classes S°> r ~°> 1 , which is a more 
general condition than being in S~ p ~°, as we shall see in Proposition [53] Note also that Theorem 
15.31 holds for Re(z) small, which is its main interest, but actually for all Re(z) > hence for large 
ones too. 

Proof. It is based on an scaling argument. Let A = Re(z) and write 

P - z = \(\- 1 P -I -id), 
where \S = Im(z). Then, by setting 

X- 1 ' 2 = e\ 

and 

Pr = a jk ^(x)D.jD k + e T b kiT (x)D k , 
where we use the notation (|5.ip . we have 

A -1 P = e-" A P T e iTA , 

and thus 

(P-zY 1 = \- 1 e-" A (P T -l-i8Y 1 e lTA . (5.6) 
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By Proposition 15.21 the conditions 2, 3 and 4 hold for <Xjh,r and e T bk >T , uniformly with respect to 
rel. In particular, using Proposition 15. 1[ we have 

\\(A + i)- n (P T -l-i6)- n (A-i)- n \\ L2 ^ L2 <C M , (5.7) 

for all r G R, S G M \ and 1 < n < N. Since this is an L 2 L 2 estimate, (A ± i)~ n can be 
replaced by (kA ± i)~ n therein, for any k > 0, up to the replacement of Cm by a k dependent 
constant. This will be useful to consider H~ n — > H n estimates as follows. Introduce x € Cq°(R) 
which is real valued and equal to 1 near 1. We then split the resolvent as 

= I(t,S)+U{t,S). (5.8) 
We consider first I(t, 5). By setting $s(a) = (1 — x 2 ( a ))( a + l)"/( a — 1 — ii)", we can write 

i(t,s) = (p r + iy n/2 <s> a (p T )(p T + iy n/2 . 

Since $s is bounded in L°°([0, oo) Q ) as 5 varies, the Spectral Theorem yields 

\\*s(Ft)\\l»^l* <C, rel, 6€R\0. 
On the other hand, using (|4.5[) . and also (|3.11[) if n is odd, we have 

||(P T + i)- n ^\\ H ~ < CU\\ L 2, ip e L 2 , Tel. 

We also have the dual H~ n — >■ L 2 bound and we conclude, using Lemma T2.41 that 
1 1 (kA + i)- n l(r, 8){kA - i)- n i>\\ Hn < CMh-~ , 



for all ijj <E L 2 , t G R and <5 7^ 0. We next consider the second term of (15.81) . By Proposition 13.31 
and Corollarv l3.111 we can write 

( K A + i)- n Il( T ,6)( K A - = x (Pr) KA jKA + i)- n (P T - 1 - iS)- n (KA - i)- n x(Pr)* K!Atn . 

We then observe that we have the estimate 

\HPt)^ a Jl^h~ <C n , teR. (5.9) 

The latter is obtained by writting x( a ) = ( a + l)^^ n ^ 2 ^(a) with [n/2] the integer part of n/2 so 
that 

by (I4.5[) and Proposition 13.31 if n is even or (|4.5[) and (|3.7I) if n is odd. Similarly, we have a 
H~ n -> L 2 bound for x(A)* A „■ Thus, using the L 2 L 2 bound (|5.7[) . we deduce that 

||M + i)- n II(r,5)( K A - i)-"^|| ffn < C|M|*-», 

and conclude that 

||M + i)" n (p T - 1 - ^""M-ij-^H^ < ciivIIh-, 
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for all ip £ L 2 , t £ K and <5 7^ 0. In terms of P the latter reads 

\\e lTA (nA + i)- n (P ~ zSy n ( K A - i)~ n <p\\ Hrl ,< C\- n \\e ZTA <p\\ H - n , (5.10) 

where we recall that A = Re(z). We can get rid of the negative powers of A as follows. If n < N—l, 
we have on one hand the Sobolev embeddings 

L p{n) cH- n , H n dL q{n) . 

On the other hand, using (I2.12j) and the fact that A -1 = e 2r , we have 

A~" ||e 4T ' 4 || i p(„)^ i p(„)||e 4r ' 4 ||~ g 1 ( „ ) ^ ig(7l) = 1. (5-11) 

Thus, by turning ([5TTU1) into a L p W ->• L q ^ estimate and by using (j5"TT1) . we obtain (I53)) . If 
n = N ', the same argument applies using the Sobolev embeddings with 

q(N) =00 if d is odd, q{N) — q with an arbitrary q > 2d if d is even, 

the only difference being that the left hand side of (|5.11l) becomes either A -1 / 2 or \~ 2d / q . □ 



To apply Theorem 15.31 to perturbations of the Laplacian with coefficients in S p , we need the 
following result. 

Proposition 5.4 (Symbol classes embeddings). For all 1 < r < r(d), N > integers and /j, > 
real, we have the continuous embeddings 

1 ^- Qil,r — 1,N 

g-n c S °- r - N . 

These embeddings are very convenient since the seminorms of the spaces behave badly 
under scaling, unlike S°' r ~°' N by Proposition [5T3J 

Proof. We note first that 

Furthermore, by an elementary induction, one checks that (x ■ V) n is a linear combination of x a d a 
with |a| < n. Therefore, we have the estimates 

\\{x-V) n d p a\\ __d_ < C\\(x)» +0+ W(w V) n d a\\ L ~ < C max lUx^+^+^d^aWLoo, 

iW+i |a|<n 

which lead easily to the result. □ 

By this proposition, we see that Theorem l5 . 31 holds if the coefficients of P are such that ajk—Sjk 
and bk are small enough respectively in S~ p and S~ 1 ~ p . We may also replace the weights (nAzti)^ 1 
by powers of (x)^ 1 according to a classical procedure. This is the purpose of the following. 

Corollary 5.5. Assume h2. 2\) and that ajk — Sjk £ S~ p and bk £ S' _1_p . Assume also that 

\(x) p+ ^d a (a jk (x) - 5 jk )\ + \(x) 1+p+ ^d a b k (x)\ < e, (5.12) 
for \a\ < f(d) + 1. If e is small enough, then for 1 < n < N :— f(d) + 1 
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• ifl<n< f(d) 

1 1 (x)- n (P - z)- n {x)- n y\ \ Lq(n) < C|MU„> , 

• if n = N and d is odd, 

\\(x)- N (P-z)- N (x)- N ip\\ LOO < CRe(z)- 1/2 ||^|| L i, 

• if n = N and d is even, then for all 2d < q < oo, 

\\{x)- N (P-zr N {x)- N v\\ Lt <C q Re(z)-^M L _^, 

for 

tpeS, < Re(z) < 1, Im(z) ^ 0. 

In particular, we may replace all L p ,L q spaces above by L 2 if we change (x)~ n into (x)~ 2n ~ £ , for 
any e > 0. 

Proof. This kind of result is standard so we briefly recall the proof. Note first that (|5.12[) implies 
that items 2 and 3 of Theorem 15.31 are satisfied. Fix \ € Co° W sucn that X = 1 ncar [0>1]- By 
the Spectral Theorem and elliptic regularity 

(i- X (p))(p-zr\ 

maps H~ n to H n , uniformly with respect to z, hence the appropriate Lebesgue spaces to their 
duals by Sobolev embeddings. Thus, it suffices to consider 

(x)- n (P-z)- n X (P)(x)- n , Re(«)e(0,l), lm(z)^0. 

By possibly choosing \ of the form ip 2 the result follows by writting 

(x)~ n <p(F) = ((x)- n <p(P)( K A + i) n ) {KA + i)~ n ; 

where we observe that, for all q £ [1, oo], 

(x)- n tp{P)(KA + i) n : L q L q , 

for it is a pseudo-differential operator with symbol in S~°° (see e.g. pQ). The replacement of L q 
spaces by L 2 after the replacement of {x)~ n by (x)~ 2n ~ e follows from 

\\{xT n - £ v\\ L 2<C\\v\\ Lq{n) , (5.13) 

by the Holder inequality (note that this works even for n = N and q(N) € (2d, oo}). □ 

In the next paragraph, we will also need the following result for Re(z) < 0. 

Proposition 5.6. Under the same assumptions as in Theorem \ 5.3l we have the following esti- 
mates: 

• if 1 < n < r{d) 

\\(P - z)- n V \\ Lq{n) <C|Mta,(»,, (5.14) 



22 



• if N = r(d) + 1 and d is odd, 

\\(P-z)- N <p\\ LOB <C\M*)\- 1/2 \\<P\\», (5-15) 

• if N = f(d) + 1 and d is even, then for all 2d < q < oo, 

\\(P-z)- N <p\\ Lt <C q \Re(z)\-% \M L ^, (5.16) 

all these estimates holding for 

<peS, Re(z) < 0, Im(z) f 0. 

Remark Since (KAzki)^ 1 preserve all LP spaces for k small enough, we may replace (P— z)~ n by 

(kA + i)- n (P - z)- n (nA - i)~ n , 

for 1 < n < N, in the estimates flOg]) . ((5TT5|) and (|5TT6]l . In particular, this shows that the 
estimates of Theorem 15.31 actually hold for Re(z) G M. Also, using (|5 . 13[) . we may clearly turn all 
the estimates of Proposition 15.61 into L 2 —> L? estimates with weights. 

Proof of Proposition 15.61 It is based on the same scaling argument as the proof of Theorem 15.31 
from which we borrow the notation. We write Re(z) = —A so that 

(p-zy 1 = \- l (\- l p + i + isy 1 

the left hand side of which we write as 

X- 1 e ZTA (P T + l + iSy 1 e- irA . 

We may then write 

The latter is bounded from H~ n to H n , uniformly with respect to r and S (see $5.9\i ) and we 
conclude as in the proof of Theorem 15.31 □ 

5.2 Non small perturbations 

The purpose of this paragraph is to prove Theorems 11.11 and 11.21 We shall actually prove Theorem 
11.21 first and then Theorem ll.il 

We start by doing some reductions. 

We first choose suitable coordinates on M. d such that we may assume that det G(x) = 1 
outside a compact set. This is explained in Appendix [A] We next conjugate in the usual way 
our Laplacian to get an operator which is self-adjoint with respect to the Lebesgue measure: the 
map u H> dct G(x) 1 ^ 4 u is unitary from L 2 (R d , dax) onto L 2 (R. d , dx) so -Ag is unitarily equivalent 
to the operator 



P = -det G(x)' 1/4 ^- (det G{x) 1/2 G jk {x)-^- ) det G[x)' 



1/4 
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which has a self-adjoint closure P, with domain H 2 . 
One may then clearly write 

P = P + W, 

with 

P = a jk (x)DjD k + b k (x)D k , 

and 

W = Xjk(x)DjD k + e k (x)D k + V{x). (5.17) 

such that 

a jk ~ $jk is small enough in S~? , b k is small enough in S" 1 ^, (5.18) 

and 

Xjk ,e k ,vecz°. 

By small enough, we mean in (|5.18[) that we may assume that the estimates of Corollary 15.51 and 
Proposition 15.61 hold for Pq. Here and in the sequel we denote by Pq, P and W the H 2 — > L 2 
closures of the corresponding differential operators which are a priori defined on S. In particular, 
Pq and P are self-adjoint with domain H 2 and, by unitary equivalence with —Ac, we have 

P > and is not an eigenvalue of P. 

By the Spectral Theorem, it is sufficient to prove Theorem 11.21 with (P — z)~ n replaced by 

i2$(*):=^(F)(F-*)~ n , (5.19) 

for some 

ip G Co°(K), ^ = 1 near °- 
It is also convenient to introduce "J G Cq°(R) such that 

*t/> = ip. 

Both are chosen with values in [0, 1]. 
Proposition 5.7. Let us set 

S*(z) = W(F -zy 1 *(P) > 

and 

fl 1 ^) = *(F)(P - ^)"VCP) ~ *CP)(^o - z) _1 ^(P)(P - z) _1 *(P). 

77ien 

iji (z) = B 1 (z) + 5*(z)*P^(z)5*(z), (5.20) 

for all z G C \ M. 
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Proof. It is based on the resolvent identity, namely 

{P-zY 1 = (Po-z)' 1 -(P - Z y 1 W(P-z)-\ (5.21) 
= (p -z)- 1 -(P- z )- 1 W(Po-z)~ 1 . (5.22) 

The identity (|5.20[) is obtained by applying first ijj{P) to the right of both sides of (I5.21[) . then by 
inserting (|5.22D on the right hand side of the resulting identity and finally by applying ^f(P) to 
the left and right. □ 

Our strategy is to show that one can make Sqr(z) small enough (in operator norm on suitable 
weighted L 2 spaces) by choosing ^ (and hence tp) with a small enough support around and by 
choosing z close enough to 0. To this end, we denote 

z = X + ie, (5.23) 

and introduce the decomposition 

S»(z) = W{P -ie)~ l ^{P) + W^Po-zy 1 -(Po-iey^^CF). (5.24) 

Proposition 5.8. Fix M > and v > 1. //supp^) is contained in a sufficiently small neighbor- 
hood of 0, then 

\\(x) M W(F -ie)- 1 *(F)(x)-''\\ vi ^ < i e>0. 

Proof. It suffices to show that, for some S > as small as we want, 

\\(x) M W(f -ie)- l *(P)(x)-''\\ Iia ^ <C||*0P)<x)- 5 || i2 ^ 2 , (5.25) 

since the norm in the right hand side goes to zero as the support of shrinks to {0}, for is not 
an eigenvalue of P. The second order and first order term of (|5.17l) . namely W — V , have a rather 
simple contribution. Indeed, we note that 

\\(x} M (W-V)u\\ L 2<C\\P u\\ L 2, ueH 2 , 

using (12.3[) . (|2.4p and (12.10[) for Pq. By the Spectral Theorem Po(Po — ie) 1 is uniformly bounded 
on L? and thus 

1 1 (x) M (W - V) (P - ie) - 1 * (P) (x) ~ v 1 1 L3 < C\ | * (P) (x) ~" 1 1 L ^ L ,. 

We now consider V alone. Since (x) M V has compact support, the Sobolev inequality and (|2.9[) for 
Pq yield 



We also observe that 



(x) M Vu\\ L 2 < \\u\\ L 2» < \\Vu\\ L 2 < C\\pI /2 u\\ l2 . (5.26) 



\P 1/2 u\\ L 2 <C\\Pl /2 u\\ L 2, (5.27) 



since, by the compact support of Vdet G{x) and the Sobolev inequality, 

\\P 1,2 u\\l* < ||V(detG(a;)- 1/4 u)||' < (||Vu|| £ a + ||m|| L 2*) 2 < ||Vu| 



L 2 • 
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Therefore, by and flOT]) . we have 

||(x) m F(P -^) _1 P 1/2 w||l 2 <C\\u\\ L 2, e>0, (5.28) 
for all u £ H 2 . On the other hand, by approaching (P)" 1 / 2 by 

5 -— C e- tP — 

in the sense that P S n — > / strongly on L? , when applied to an H 2 function (see for instance 
0), we deduce from (|Q8|) that 

\\{x) M V(P ~iey 1 ^(P){x)- l '\\ L ^ L . < CBup\\S n 9(F){x)- v \\ L ^ La . 

n 

Since S n commutes with ^(P), we shall obtain f|5 . 25[) if we show that, for some 8 > 0, 

sup||(x)' 5 S' n (a;)~ l/ || L 2^ £ 2 < oo. 

n 

By the usual heat kernel bounds for Aq (e.g. (TO] and references therein) and the fact that the 
Euclidean distance \x — y\ is bounded from above and below by the geodesic distance dc(x, y), we 
have _ 

[e- tP ](x,y)<t- d ^exp(-\x-y\ a /Ct). 

By integrating this estimate in t, we obtain that the kernel of (x) 5 S n (x)~ s satisfies 
0< [(x) s S n (x)- s ](x,y) < (x-yflx-y] 1 - 4 , 

< \ X -y\l->»* + f(x-y), 

with / £ L 1 . The convolution with / is bounded on L 2 hence so is the operator with kernel 
f(x — y)(y) s ~' / , if S < v. We now consider the first term in the last line. By the Hardy-Littlewood- 
Sobolev inequality, the operator with kernel 

\x-y\ l ~ d+s (y) 6 -\ 

is continuous on L 2 if 5 > is small enough, since the convolution by | ■ maps L d + 2 + 2S into 

L 2 and the multiplication by (-) s ~ u maps L 2 into L d +%+ 2S . This shows that (x) 5 S n (x)~ 5+ ( d ~^ is 
uniformly bounded on L 2 and the result follows. □ 

We consider now the second term of (|5.24[) . 
Proposition 5.9. Fix M > 0, v > 4 and £ Cfi° . Then, if eo is small enough, we have 

\(x) M W ((P - z)- 1 - (P - ze)- 1 ) *(P)(.x)- 

for < \z\ < eo (recall also the notation \5.2S\l ). 

Proof. Recall first the standard fact that \I f (P)(x) _i/ preserves (x)~", ie (^"^(P) (x)~ u has a 
bounded closure on L 2 . Similarly (x) m W(Pq + l)^ 1 (x) IJ is bounded on L 2 since (x) M W has 
compact support and (Po + 1) _1 preserves polynomial decay. It is thus sufficient to show that 

\(x)-"(P Q + 1) ((Po - zy 1 - (P - ie)' 1 ) (x)~ 




-4-0, \z\->0. 

L 2 ->L 2 



2G 



By writing 



Po + 1) (Po-z) -(Po-«) = (?o-«) -(Po-te 



P - z P Q - ie 



(Po — n — ie) 2 dfi + = =- e 



P - Z Po-ie 

the result follows from the bounds in Corollary 15.51 for Po with n = 1,2, using in particular the 
integrability in fj, of \\{x)~ v (Po — A* — ie) — 2 {cc)~^ | |z, 2 -^i 2 ■ D 

Proof of Theorem 11.21 We first prove the theorem for some large enough v independent of n, 
namely v > 2N. We shall see in the end of the proof how this implies the full result. So let us 
assume that v > 2N. By Propositions 15.81 and 15.91 by choosing \& with support close enough to 
and by restricting z to the region < \z\ < eg with eg small enough, we may assume that 



(x) v Sv(z)(z)- v \\ T .^ La < 1/2 



Therefore, by (|5.20[) . we have 



\\{x)-»Rl{z){x)-«\\ L ^ L * < \\\{x)- v B\z){x)-»\\ L ^ L ., 

where we observe that the right hand side is bounded with respect to z: indeed, if we set more 
generally 

B n {z)=d™~ 1 B 1 {z), l<n<N, 



Corollary 15.51 and Proposition 15. 61 for Po show that we have 

• if 1 < n < f(d) 

\\{x)- v B n {z){x)- v \\ L ^<C 

• if n = N = f(d) + 1 and d is odd, 

\\( X )-»B N ( Z )(x)-»\\ L2 ^ L2 < C\Re(z)\-^, 

• if n = N and d is even, then for all 2d < q < oo, 

\\(x)-»B N (z)(x)-»\\ L2 ^ L2 < C,|Re(*)|-¥, 

for Re(z) ^ and Im(z) ^ 0. We also have the same estimates for (x) v d™~ 1 S\s,(z)(x)~ u . In 
particular for n = 1, this shows that 

\\(x)- v R^(z)(x}- u \\ L 2^ L 2 < 1, < \z\ < e . 

For n > 2, we proceed as follows. By applying c?™^ 1 to f|5 . 20[) . we obtain 

(x)- v R^{z){x)- v = {x)- v B n {z){x)- v + {x)- v S^(z)*Rl(z)S^{z){x)- l/ , 

where, by an elementary induction, we see that B n (z) satisfy the same estimates as B n (z). There- 
fore 

\\(x)-"iq,(z)(x)-''\\v^ < \\\{x)- v B n {z){x)-»\\ L ^ L ^ 
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where the right hand side satisfies the expected estimates. We thus get the result with v > 2N 
for all n = 1, . . . , N. To see that one can choose v > 2n, we proceed as follows. Fix M > 2N and 
write, by (pT2"0|) , 

{x)- v B^{z){x)- v = (x)- v B\z){x)- v + (x}-»S*(zy{x} M {{x)~ M R\{z){x)- M ) (x) M S*{z){x)~ v . 

We observe in this identity that (x)~ v B 1 (z)(x)~ v is bounded with respect to z, by the resolvent 
estimates for Pq. The same holds for (x) Siy (z)(x)~ v since (x) M is harmless for W has compactly 
supported coefficients. Therefore, the boundedness of (x)~ M R]p{z){x)~ M proved above gives the 
result for n — 1. For n > 2, we differentiate n — 1 times with respect to z and proceed as before. 
□ 

Proof of Theorem ll.il We may again replace (P— z)~ n by its spectrally localized version (|5.19p 
since (1 — ip)(P)(P — z)~ n maps H~ n to H n , with bound independent of z for small z, and thus 
satisfies the expected LP — > LP boundedness. Let us consider first n = 1. Then p(l) = 2* and 
q(l ) = 2*. We start with (|5.20l) in which we observe that 

\\{KA + i)- 1 B 1 (z){KA-iy 1 \\ L 2,^ L 2* < 1, 0<|z|<l. (5.29) 

The estimate (|5.29p follows from 

\\(KA + i)- 1 (P -z)- 1 (KA-i)- 1 \\ La .^ Lg * <1, |Re(z)|<l, (5.30) 

by Theorem 15.31 and Proposition 15.61 for Pq, and from 

||(K^ + i)- 1 *(P)(K^ + i)|| L 2*^ i 2* <oo, (5.31) 

\\(KA-i)WiJj(P)(KA + i)\\ L 2*^ L 2, <oo, (5.32) 

as well as the adjoint estimates or similar ones with ip instead of "J. The latter estimates follow 
easily from the fact that ^(P) and ip(P) are pseudodiffercntial operators (see pQ) with symbols in 
S~° c (M d x M. d ) and the fact that W has compactly supported coefficients. We also have, for any 
v > 2, 

\\(xy*(P)S*(z)(KA - i)- 1 !!^.^ < C, \Re(z)\ < 1, (5.33) 
by (|5.30p and the estimates 

\\(xy*(P)W( K A + i)\\ L2 .^ L2 <oo, (5.34) 
||(KA-i)*(P)(K J 4-i)" 1 || i 2»^ i 2, <oo, (5.35) 

which follow again from the fact that ^(P) is a pseudodiffercntial operator of order — oo and the 
compact support of the coefficients of W. Therefore, by (|5.20[) where one can replace R]p{z) by 
^(P)R]p(z)^(P) in the right hand side, and by ([Q9"]) and ([5331 . we obtain 

\\{kA + iJ-^W^ - «r 1 || L 2,^ i2 . < 1 + \\{x)- v Rl{z){x)- v \\ L ^ L 2, 

so the result follows from Theorem If .21 For n > 2, we proceed by induction as in the proof 
of Theorem If .21 bv applying to (|5.20p . We omit the details but rather point out that the 

analogues of the estimates (15.31 p . (15 . 32[) . (15.341) and (|5 .35(1 associated to q(n) don't cause any 
trouble when q(n) — q{N) — oo since they involve pseudodifferential operators of order — oo (but 
no zero order pseudodiffercntial operator) which arc bounded on all LP spaces for p £ [1, oo]. □ 
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6 Local energy decay 

The purpose of this section is to prove Theorems 11.31 and 11.41 For convenience, we work with the 
self-adjoint realization P on L 2 (M. d ,dx) of 



P = -det G(x)- 1/4 ^- (det G(x) 1/2 G jk (x)^- ) det G( 

OXj \ OXk J 

which is unitarily equivalent to — on L 2 (M. d ,dax). 
6.1 Spectral localization 

Let m > be a real number and a — 1 or 1/2. In this paragraph, we define U(t) by 

U(t) = e u ( p+m 'F, 

which will allow to cover simultaneously the Schrodinger (m = 0, a = 1), Klein-Gordon (m > 0, 
a = 1/2) and wave equations (m = 0, a = 1/2). Our purpose here is to reduce estimates on such 
flows to spectrally localized estimates. Actually, the result of this subsection only uses that U (t) 
is some bounded function of P and nothing else. 
Consider a dyadic partition of unit 



1 = $ ( A ) + J>(2- fc A) (6.1) 

fe>0 

= *o(A)+#(A), (6.2) 

defined for A near [0, oo), with 

$o G Co°(M), ^C °°(0,+co)- 

We also select ip such that 

ip G C£°(0, +oo), ^ = 1 near SU PPM- (6-3) 
It will be convenient to denote 

E v {h,t) = (x)- v U{tMh 2 P)(x)-\ 

and 

e v (h,t) = \\E„(h,t)\\ L2 ^ L2 . (6.4) 
Our main purpose here is to show the following proposition. 
Proposition 6.1. For all v > and M > there exists C > such that 

\\{x)-^{P)U{t){x)- v u\\ 2 L2 <C ]T e„(M) 2 (\\iP(h 2 P)u\\ 2 L2 +h M \\(l -Py 

h 2 =2- k 

for allteR and u € S(R d ). Here $ is defined in A6.2)) . 

As a corollary, we obtain the following estimate which we shall use in Subsection 



- M ' 2 u\ 



i2 

L 2 I ' 
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(x)-^(P)U(t)(x)" / u\\ 2 L2 < eAh,t) 2 h 2s (h- 2s \\ip(h 2 P)u\\ 2 L2 +h t 



i2 

\ H -M 



Corollary 6.2. For all v > and set, one has 

\\{x)- v <S>(P)U{t){x)- v u\\ T2 <C VtS \ sup h s e u (h,t) ) \\u\\ H s, 

\he(Q,i] J 

for allt>0 and u G S(R d ). 

Proof of Corollary 1 6. l A By the Spectral Theorem, we have 

h- s u(h 2 p)u\\ L2 < cu(h 2 p)(i-py/ 2 u\\ L 2, 

for all u € L 2 . Since ||(1 — Py^uW^ < C\\u\\h" by classical elliptic estimates, we obtain, by 
almost orthogonality, 

J2 h- 2 *U(h 2 P)u\\ 2 L2 <C\\u\\ 2 Hs . (6.5) 

h 2 =2- k 

On the other hand, by Proposition l6.il we have 

„,„V/i a " (V 2s ||v(/i 2 i>||^ + - 2 - 

Choosing M > 2\s\, we have J^h h M ~ 2s < oo, \\u\\ h -m < \\u\\h*> and we conclude using (|6.5[) . □ 
We now consider the proof of Proposition I6.ll Write hrst 

(x)- v $(P)U{t){x)- v u= E Ah,t)u, 

h 2 =2- k 

where the sum converges weakly (and actually in L 2 by the analysis below). We will need the 
following result. 

Lemma 6.3. For all M > 0, one has 

ip(h 2 P)(x)-»(l - Hh 2 P)) = h M v{h 2 P){x)-»R M Ah), 

with 

\\R M Ah){l~P) M/2 \\ L ^ L ,<C, h G (0, 1]. 
Proof. By (I6.3p . we can select tp € C^°(0, +oo) such that 

iptp = ip and %p = 1 near supp((/5), 

and thus write 

y{h 2 P){x)- v = y{tfP){x)- v {{xYv{h 2 P){x)-»). 
The result follows then from the fact that, for all M, 

\\{(xyv{h 2 p)(x)-v)(i-Ah 2 p)){i-P) M he (0,1], 

by pseudodifferential functional calculus (e.g. pQ), since all terms of the pseudo-differential expan- 
sion cancel because <p and 1 — ip have disjoint supports. □ 

Proof of Proposition [67T1 By Lemma T6. 3 1 we have 

E u (h,t) = iP{h 2 P)E„{h,t)^(h 2 P) + h M R M A h T E Ah,t)^{h 2 P) + h M E„(h,t)R M A h )i 
and the result will follow from the estimates on each term given below. 
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1. 1st term. By almost orthogonality, we have 



Y ip(h 2 P)E w {h,t)iP{h 2 P)i 

h 2 =2- k 



< Y \\E„(h,t)^(h 2 P) 

L 2 h 2 =2~ k 

< J2 ^(h,t) 2 Mh 2 p) 



h 2 =2- k 

2. 2nd term. Since \\RM,u{h)\\* L2 ^ L 2 < C by Lemma P6.31 we also have 

|| Y h M R Ml u(h)*Mh,tMh 2 P)u\\ L2 < Y h M \\E„{h,t)iP(h 2 P) 



lL 2 ' 



h 2 =2- 



h 2 =2~ k 



< 



Y e u (h,t) 2 \\iP(h 2 P) 



1/2 



— n I |2 

U 



L 2 



\h 2 =2~ k 



by the Cauchy-Schwarz inequality since X]/i 2 =2- fc h 2M < co. 
3. 3rd term. By Lemma 16.31 

|| Y h M E u (h,t)R M Ah)u\\ < Y h M e v {h,t)\\0-~P)~ M 1 



h 2 =2~ k 



h 2 =2~ k 



< ( Y h M e u (h,t) 2 \\(l-Py 

\h 2 =2~ k 



u\\l 2 , 



M ' 2 u\\ 2 L , 



1/2 



again by the Cauchy-Schwartz inequality since X)/i 2 =2- fc ^ ^ 00 ■ 
The proof is complete. □ 

6.2 Semiclassical estimates 

To prove quantitative decay rates for the Schrodinger group, we shall use integration by parts in the 
Stone formula. For this purpose, we need to estimate powers of the resolvent. In this subsection, 
we show that, if one has semiclassical estimates for the resolvent, then one has estimates for its 
powers. For simplicity, we will only consider the square of the resolvent, but higher powers can be 
treated similarly. 

We introduce the usual notation 

R{z,h) = {^P-z)- 1 . 

Throughout this subsection, Jq <s (0, oo) will be a relatively compact interval satisfying the follow- 
ing condition. 

Assumption A. There exist a real number i^o > and a function F : (0, 1] — > (0, +oo) satisfying 



F{h) > h-\ 

such that, for all v > vq and all open interval J <s Jo, 

\\{x)- v R{z,h){x)-"\\ L 2^ L 2 <C VlJ F(h), he(0,l], Re(z)eJ. 



(6.6) 



(6.7) 
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Without any condition on G, such estimates holds with F(h) = Ce c / h ([5J[5] and [7]). When 
the geodesic flow is non trapping, one can choose F(h) = C/h [33 H31 133 ■ In some cases 
where one has weak trapping one may take F(h) = C\ log h\/h or polynomial powers of [2"3l |2"5] . 

Our purpose here is to prove the following. 

Proposition 6.4. If Assumption A holds then, for all v > v§ and all interval J <s Jo, there exists 
C > such that 

\\(x)-"- 1 R{z,h) 3 (x)- , '- 1 \\^^ < CF{h) 2 , (6.8) 
for all h G (0, 1] and all z such that Re(z) G J. 



The principle of the proof below is well known (see [T7] and [IS]) but we recall the main steps 
to emphasize the behaviour with respect to h (the previous works addressed either the case h = 1 
or the high energy limit for potentials, which is a non trapping case). The approach is based on 
microlocal parametrices of the semiclassical Schrodinger group e~' lthp , from which we recover the 
resolvent by 



R(z,h) = -I e ltz,h e- uhp dt, ±lm(z)>0. (6.9) 



It is convenient to record the following elementary lemma. 

Lemma 6.5. Let A(t),B(t) be bounded operators on L 2 (R d ), strongly continuous with respect to 
t and such that, for some N > 0. 



The 



\\A(t)\\ L 2^ L 2 + \\B(t)\\ L 2^ L 2 < C(t}'\ t e 



' J A{t- s)B{s)ds\dt=[J e ltc A(t)dtj i^J e tK B(t)dt 



o 

provided that 

±Im(C) > 0. 

We will use the well known Isozaki-Kitada parametrix, introduced first for potential scattering 
(see 16J). Here we need it in the metric case with a semiclassical parameter. In this context, 
we refer for instance to [Tj for the details or proofs of the statements quoted below, in particular 
Lemma 16.61 We recall only what is necessary for the proof of Proposition 16.41 

Denote by S sca t(fi, -co) the set of smooth functions a on K 2d such that, for all M > 0, 

\d^ a (x,o\<c am (xr-\ a Ho- M , 

where the best constants C a pM are seminorms for which it is a Frechet space. 

Given real numbers R > 0, a G (— 1, 1) and any interval / g (0, +oo), one defines the outgoing 
(+) and incoming (— ) areas by 

r^I.tr) := {(£,£) G R 2d | \x\>R, |£| 2 G /, ±x ■ £ > <r\x\\t\}. 

It turns out that, for any / and a as above, one can choose R large enough so that one can solve 
the following eikonal equations 



V x i P ± (x,0-G(x)- 1 V x i P ± (x,0 = |e| 5 
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for (x, £) 6 r ± (_R, /, a) with solutions which are close to the free phase x ■ £ (i.e. the solution if 
G = I) in the sense that 

\d:dl(i P ± (x^)-x-O\<C a0 {x) 1 -P-^, (x,d£T±(R,I,a), 

where p > is the same as in (ll.ip . One can then define the following Fourier integral operators 

for symbols such that 

a ± € 5^(0,-00), supp(a ± ) € 1^(7?,/, a). 
We can now give a form of the Isozaki-Kitada parametrix. 

Lemma 6.6 (Isozaki-Kitada parametrix). Fix two intervals I <g I' <s (0, +oo). Then, for all R 
large enough and all 

X ± 6 5 scat (0,-co), supp( X ± ) cr±(i?, 7,-1/2), 
we can /md, /or all M > 0, symbols 

a±(h) e S scat (0,-co), supp(a±(/ l ))cr ± (i? 1 /4 ;/ / ; _ 9/10 ) 5 
6±(/i) € S scat (0,-oc), supp(6±(^))cr ± (i? 1 / 2 ,/',-3/4), 
r±(/i) e S , scat (-2M,-oo), 

bounded with respect to h in their classes, such that 
1. 

e- itflP X +(x,hD) = J+(a+ (h))e lthA J + (bt 4 (h))* + h M e- uf{P r+ (x,hD,h) 



t _ 

e- i ^ hP B+(s,h)ds, 



with B~^j(s,h) strongly continuous with respect to s and such that 
3~^j(s,h)(x) ||^2_ ) .i 2 



x) M B+(s,h)(x) M \\ r , r2 <C(s)- M , s>0, he (0,1] 



2. (Adjoint case) 

X -(x,hD)e- ithP = J-(b M (h))e lthA J-(a M (h)y + h M r M (x, hD, h)e 



HhP _ J II- IfoW ////A 7 ,\ , ;,.W .. , .. ;, n ///-/•• 

f B M (~s,h)e- l(t - sVlT d S , 



with B M (—s, h) strongly continuous with respect to s and such that 



(x) M B^(- s ,h)(x} M \\ r , r2 <C(s)- M 1 s>0, h e (0,1]. 
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We simply point out that this lemma gives good approximations for t > only, which will be 
sufficient for us. There is of course a similar statement for negative times by exchanging + and — 
everywhere. 

We also mention that the symbols a^(h) and b^Qi) are finite sums of the form J] h?Cj with 
Cj G S' sca t(— j, — oo ) independent of h. The following lemma will thus be useful to estimate the 
leading terms of the parametrix. Again, we consider only positive times. 

Lemma 6.7 (Free propagation estimates). Let fi\ > /i2 > be real numbers, I g (0, +oo) an 
interval and a e (—1, 1). Then, for all R large enough and all symbol c satisfying, 

c± e S scat (0,-oo), supp(c*) C ^{RJ^a), 

we have 
1. 

\\(x)-^e MlA J + (c+)*(x)^\\<C(t)^-^, t>0, h€ (0,1], 

2. (Adjoint case) 

||(x)^J^(c-)e J *' iA (a;)-' I1 || < C^)" 2- " 1 , t > 0, he(0,l}. 

We refer for instance to [T7] or [T] for a proof of this lemma, which is fairly elementary and 
follows from integrations by parts in the (explicit) kernel of the operators for integers (J>i, fJ,2 and 
then by an interpolation argument for real ones. 

Proof of Proposition IBTH We may assume that Im(z) > 0, otherwise one takes the adjoint. By 
the Spectral Theorem, it is sufficient to prove a 0(F(h) 2 ) upper bound for 

4>{h 2 ~P)R{z, hf = R(z, h)(t>(h 2 P)R(z, h), 

with <fr € Cq°(0, +oo) which is equal to 1 near the interval J where Re(z) lives. Let x £ Co°(R d ) 
such that x( x ) = 1 f° r M < R> with R to be chosen below according to Lemmas 16.61 and l6. 71 Then 

4>{h 2 P)R(z, h) 2 = R{z, h)c/){h 2 P)xR(z, h) + R{z, h)cf>(h 2 P)(l - x)R(z, h). (6.10) 

Since, for any M > 0, 

\\(x) M <t>(h 2 P)x(x) M \\ L2 ^ L2 <i, h e (0,1], 

the F(h) 2 upper bound for the first term in the right hand side of (16. 10[) . weighted on both sides 
by (x)^ u ^ 1 , follows easily from (|6.7[) . Note that the extra power (x)" 1 is useless for this term. In 
the second term, we use the following pseudodifferential expansion (see [T]): for all M > 1, 

Hh 2 T)(i -x)=Yl h '4( x > hD ) + E xjfo hD ) + hMR M(h), 

j<M j<M 

where, if / <s (0, +oo) is a neighborhood of supp(0) and R is large enough, 
xf G 5 scat (-j,-oo), supp( Xj ± ) G r±(i?, 7,-1/2), 

and 

IK^^^mW^)^ 2 !!^^ < i, he (0,1]. 
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By choosing M large enough, the contribution of RmQi) is treated similarly to the one of 4>(h 2 P)x 
above, so we are left with the study of terms of the form 

(x)-"- 1 R(z, h) X ± (x, hD)R(z, h)(x)- v - 1 . 

The idea is to use Lemma \6. 61 for 

R(z,h)x + {x,hD) and \~(x,hD)R(z,h), 

by expanding R(z, h) via (|6.9[) . with t > since Im(z) > 0. We consider x + ■ By Lemma T6.5I and 
item 1 of Lemma 16 . 61 we have 



R{z,h)x + {x,hD) = J+(a+(h))(-h 2 A~ z)' 1 J + (b+(h))* + h™' 1 R(z,h)R+(h), 

where 

r+oo 

R+(h) = hr+(x, hD, h) + / e- ltz / h B+(t, h)dt, 



ScltlsflGS 

||(x) M ii+ (/i)(a;) M / 8 || i2 ^ 2 < C, he (0,1]. 

The contribution of Rj^(h) is thus similar to the one of RmQt) and <p(h 2 P)x above. We then 
consider 

(x) ~ v - 1 ( J + (a+ (h)) (-h 2 A - z) - 1 J + (6+ (h)) * ) z) (x) 1 . 
Choose i/ such that 

< v' < v. 

Then, by Assumption A, 

\\{x)-"' R{h 1 z)(x)-' J - 1 \\ < CF(h), h e (0,1]. 
On the other hand, using item 1 of Lemma [6~71 (|6.9[) for —A and (|6.6p . we have 

(a:)""- 1 (j + (a+(/ l ))(-/, 2 A-z)- 1 J + (6+(/ l ))*)(x)"' < ft" 1 , 

< F(h)- 

Here we use the additional fact that (rr) -1 ^ 1 J + (a~^ f (h))(x) I/+1 is bounded on L 2 , uniformly in 
h. All this shows that \\(x)- v - 1 R(z,h)x + (x,hD)R(z,h)(x)- l/ - 1 \\ L 3_> L 2 is bounded by CF(h) 2 . 
The same analysis holds for x~ using the Adjoint Cases in Lemma 16.61 and Lemma 16.71 and this 
completes the proof. □ 

6.3 Time decay 

In this paragraph, we prove Theorem 11.31 and Theorem ll.4l 

The following proposition will give the contribution of the low frequencies. 

Proposition 6.8. Let m > and \ € Cq°(K,R). For each t6R, let ipt(X) denote any of the 
following functions 

X (X)e-\ x(A)e-('^ 2 > 1/2 , X (A) cos (f|A| V) , X (A) ^M^ . 

Then, for all v > 2(f(d) + 1), there exists C such that 

\\(x)-^ t {P)(x)- v \\ L2 ^ L2 <C(t)-^ d \ tel. (6.11) 
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Remark. We note that the L 2 — > L 2 estimate of this proposition can be turned into a H s — > H s 
estimate for all s > 0. Indeed, one can write 

<Pt(F)=x(F)<Pt(F)x(F), 

with x € Co° such that XX = x, and use the fact that for any v > 

(x)- v x{P){xY :L 2 H s , 
is bounded (which follows for instance from the form of x{P) given in [I]). 
We quote the following result whose proof can be found in [27.. 



Lemma 6.9 (Stone's formula). For all compactly supported continuous function ip <= Cq(I 
has 

p(P)=lim- ( <p(X) Im(P- A - i5y x d\, 



one 



the limit being taken in the strong sense. Here ImB = 



B-B' 



Proof of Provosition 1 6. 81 Denote for simplicity r = r(d). In the first case, r integrations by part 
in the integral yield 



t r / ^(A)Im(P - A - iS^dX = {-i) r / e- itx d{ (x(A)Im(P - A - iS)- 1 ) dX. (6.12) 
Jr Jm. 

By Theorem 11.21 the first r derivatives with respect to A of (P — X ± iS)^ 1 are integrable near 0, 
in the suitable weighted spaces, with uniform bounds in S. Thus the right hand side of (|6.12[) is 
bounded uniformly with respect to S and t and the result follows by using Lemma WM The second 
case is similar, once we have noticed the following points. Since P is non negative, we may modify 
X as we wish on (-co, 0) without changing the operator ip t (P). In particular, we may assume that 
X is supported in {A > — m 2 /2} and then 

vt{p) = x{py t(p+m2)1/2 = $t(p), 

with &(X) = x(X)e- lt( - x+m > . The result follows again by integrating by part, using 

te - it{ x +m *)V* = 2 ^A + m 2 ) 1 / 2 d A e- 4 *( A + m2 ) 1/2 

on the support of x where A + m 2 > m 2 /2. In the last two cases, we need to work a little bit more 
since we shall have boundary terms in the integrations by part. We treat the last case, the third 
one being similar. By setting 

B s (X)=x(X)(P-X-tS)-\ 
and by the change of variables A = ±/i 2 on R , we have 

Sin ^^ /2) x(A)Im(P - A - iS^dX = 2 J™ sin(t/i)Im {B s (^ 2 ) + B 5 {-^ 2 )) dfi. (6.13) 

By r integrations by part as before, f times the right hand side of (|6.13p is a linear combination 
of boundary terms of the form 

t m Im((P- id)- k )x U) (0), 0<m + k<r, (6.14) 
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and of integrals of the form 

r OG 

/ e ±it Vx (i) (±M 2 )Im((^±M 2 -^)^ 1 )^M, (6-15) 
Jo 

with everywhere 

< j, k < r, I > 0, and I > 1 when k = r. 

By Theorem 11.21 the integrals (|6 . 1 5|) are uniformly bounded with respect to S and t since the 
resolvents are bounded, except perhaps when k = r in which case they are at most of order , 
but the latter is controlled by the term /J with I > 1. To complete the proof, it suffices to show 
that the boundary terms (|6.14[) are bounded with respect to 8 and t. This is clear if m = since 
k < r then, and the resolvent to this power is bounded near the origin. It remains to show that 
(|6.14[) goes to zero as S — > if m > 1. Indeed, by writing 



Im((P - iS)- k ) = M (P - Se^y^e^dO, 

2 J-tv/2 



and using that k < r — 1 , we see that the limit is zero as 6 — > since we have a uniform bound for 
the resolvent inside the integral, since k + 1 < r. The result follows. □ 

Proof of Theorem 11.31 We study first the Schrodinger equation. We consider the second half 
of the partition of unit (I6.2p . Using Proposition [63] and the same integration by part trick in the 
Stone formula as in the proof of Proposition [6]8] (which is now simpler since we have no boundary 
term and no singularity), we see that if N is large enough, then 

\\{x)- N e- itT v{h 2 P){x)- N \\ L2 ^ L2 <{t)- x e c ' h , (el, h 6(0,1]. 

By interpolation between this bound and the trivial bound | \e~ ltp ip(h 2 P)\ \ L2 ^ L 2 ^ C, we see 
that, for any 9 € (0, 1), 

H^-^e-^^PXx}-^!!^^ < {t)- e e cs '\ teR, he (0,1]. 
Fix v > and choose such that v — N8, we then have the following alternative: 

1. in the region where e c l h (t)~ B I" 1 < 1, we have 

2. in the region e c l h {t)~ 6 / 2 > 1, we have log(t) < 2C/0h so we obtain 

h s <{l+\og{t))-\ 

and have anyway the trivial bound 



e 



,tP rth 2 P)(x)- v \\ T .. a <C 



This discussion shows that 

/i s ||(x)-^e-^(^ 2 ^)(^>"|L 2 _ +i2 < C(l + log(t))- s , teR, ft 6(0,1], 
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and we conclude using Corollary 16.21 and Proposition 16.81 to handle the low frequency part. More 
precisely, for the latter, we interpolate between (|6.11[) for \ — $o (see (|6.2[) ) and the trivial 
bound \\^{P)e- ltp \\ L ^^ < C to be able to use the weight (x) in which case we still have a 
polynomial time decay rate hence a logarithmic one. 

The proof is completely similar for the wave and Klein-Gordon equations, using only the addi- 
tional fact that, if = $ and i> = near 0, 

(x)- u $(P)(P + m 2 )- 1/2 { x y 

is a bounded operator from H s to H a+1 for any fixed v > 0, m > and s e R. 

□ 

Proof of Theorem 11.41 By the non trapping assumption, we have the semiclassical estimates 
(see [33 128) 

\\(x)-^(h 2 p)e- uhT (x)-»\\ L2 ^ L2 <C(t)- s , teR, ft e (0,1], 

provided that 

< s < v. 

In the non semiclassical time scaling, this gives 

\\{x)- v v{h 2 P)e- iiP ( x )-"\\ L2 ^ L2 < C(t/h)- s < Ch s {t)-\ 

which, using the notation (|6.4p . shows that 

h- s e v {h,t) <C(ty s , t6M, h € (0,1]. 

Using Corollarv l6.2l we obtain 

\\(x)-'*(F)e-*r(x)-'\\ H _,^ < C(t)-*. 

Since we may assume that 2(f (d) + l) < s < v the latter decays faster than (t)~ r ^ so the conclusion 
follows from Proposition 16.81 and the remark thereafter. □ 



A Change of coordinates 

In this appendix, we recall how to choose a smooth diffeomorphism x : M d — > M d such that x*G 
has determinant 1 outside a compact set and is still a long range perturbation of the euclidean 
metric. Recall that, if G = (G^) then, 

X *G = (& k (y)) = Jac :c ( X )- 1 (G-'" fc (x))Jac :c (x)- 1 , y = x(z), (A.1) 
where JaCa;(x) is the Jacobian matrix of x a t x - We shall show the following. 

Proposition A.l. Assume that < p < 1. One can choose a smooth function <fi : R d — > R such 
that, for some C > 

1. for all x E R d , 

C- 1 < 0(aj) < C, 
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2. <f> — 1 is a symbol of order —p, ie 

\d a Mx)-\)\<c a {x)-"-\ a \ 

3. The map x defined below is diffeomorphism from M. d to M. d , 

X(x) = <j){x)x, 

4. for all \x\ > C, 

det{G 3k {x)) 1/2 = ^(x) 11 - 1 (<t>{x)+x-V<p{x)) , (A.2) 

= det (Jac K (x)) ■ (A.3) 

5. The metric G defined by HA . 1\) is a long range perturbation of the euclidean metric, ie 

\dZ(& k (y)-5 jk )\<C a {y)-r-M. 

Proof. We first solve (|A.2|) for \x\ > R, for some R > to be chosen. Since G is a long range 
perturbation of the euclidean metric, we have det(G) 1 / 2 = 1 + 5, with S € S~ p . By the change of 
unknown function <j) n — ip, (| A.2|) reads 

<p+--'Vip(x)=l + 8(x), \x\>R. (A.4) 
n 

This is a transport equation which is easily solved using polar coordinates; the solution which is 
equal to 1 on |x| = 7? is given by 

/•MAR dT 

<p(x) = 1 + nj S(x/t) — , \x\ > R. (A.5) 

The latter is well defined for any R > and is clearly smooth. We shall choose R large enough to 
guarantee that <p is close enough to 1 and thus that V? 1 /™ is still smooth. Indeed, we have \x\/t > R 
on the interval of integration, thus 

\<p(x)~l\ < SU P \ 5 ( z )l \x\>R, 

\z\>R 

where the right hand side goes to zero as R — > oo. By multiplying ip by a smooth cutoff with values 
in [0, 1] which equals 1 near infinity and near {|x| < i?}, we obtain a new function ip defined 
on R d , such that \p ~ 1| < 1/2 everywhere which satisfies (|A.4[) for a larger R. Furthermore, by 
choosing R large enough, we may even assume that 

\ < v{x) + - ■ Vy{x) < \. (A.6) 

We next check that p— 1 6 S~ p . Since the latter is a conditio at infinity, it is sufficient to consider 
the expression (|A.5|) . Using that 8(z) < C\z\~ p we have, 

f°° dr C f°° t p 

\<p(x)-l\<n \S(x/t)\ — — r < -— ^— / — -dr, 

' W Ji n T n+l ~ \ x \p J x T n+1 
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where the last integral is finite since p < 1. It is then not hard to check that 

\d^{x)-l)\<C a \x\-P-\ a \ \x\ > R, 

by showing by induction that d^(ip(x) — 1) is a linear combination of a symbol of order — \a\ — p 
and of terms of the form s 7 (x) R (d 1 8)(x / T)T~ n ~ 1 ~\~ , \ dr with s 7 a symbol of order I7I — \a\, 
for I7I < \a\. 

Setting <fi = (p 1 ^, we get a function satisfying the items 1 and 2, as well as (|A.2|) . We now 
prove item 3. It is not hard to check that x is a diffcomorphism if and only if, given to £ § d_1 , the 
map r <— > r<j){rui) is diffcomorphism from R + onto itself. The derivative of this function is 

(j)(roj) + ru ■ V0(rcj) = (p(x) ( (p(x) H • V(p(x)) , 

so the result follows from (|A.6|) and item 1. To prove (|A.3|) . one simply observes that 

Jac x (x) = <j){x)I d + Vcj){x) T x, 

where the first matrix in the right hand side is scalar and the second matrix has rank one. The only 
possible non zero eignevalue of the latter is given by its trace which is x ■ V0(x). The caclulation of 
determinant is thus easy and shows that (|A.3[) coincides with the right hand side of (|A.2[) . Finally, 
since Jac K (x) — Id is a matrix with entries in S~ p then so is the right hand side of (|A.1[) and item 
5 follows by a simple induction on |a| using that (x)~ p « (x(x))~ p and \d a (x(x) — x)\ < (x) _ ' Q '. 
□ 

References 

[1] J.-M. BOUCLET, N. TzVETKOV, On global Strichartz estimates for non trapping metrics, J. 
Funct. Analysis 254 (2008) 1661-1682. 

[2] J.-M. Bouclet, Low frequency estimates for long range perturbations in divergence form, 
CJM to appear. 

[3] J.-F. Bony, D. Hafner, The semilinear wave equation on asymptotically Euclidean mani- 
folds, CPDE to appear. 

[4] , Low frequency resolvent estimates for long range perturbations of the Euclidean 

Laplacian, arXiv:0903.5531. 

[5] N. BuRQ, Decroissance de I'energie locale de Vequation des ondes pour le probleme exterieur 
et absence de resonance au voisinage du reel, Acta Math. 180 (1998) 1-29. 

[6] , Lower bounds for shape resonances widths of long range Schrddinger operators, 

Amer. J. Math. 124, no. 4 (2002) 677-735. 

[7] F. Cardoso, G. Vodev, Uniform estimates of the resolvent of the Laplace- Beltrami operator 
on infinite volume manifolds, II, Ann. Henri Poincare, 3, 673-691 (2002). 

[8] , High frequency resolvent estimates and energy decay of solutions to the wave equa- 
tion, Canad. Math. Bull, vol 47 (4), (2004) 504-514. 

[9] H. Christianson, Applications of Cutoff Resolvent Estimates to the Wave Equation, Math. 
Res. Lett. Vol. 16 (2009), no. 4, 577-590. 



40 



[10] E. B. Davies, Heat Kernels and Spectral Theory, Cambridge Tracts in Math. Vol 92, Camb. 
Univ. Press (1989). 

[11] M. DlMASSi, J. Sjostrand, Spectral asymptotics in the semi-classical limit, London Math- 
ematical Society Lecture Note Series, 268. Cambridge University Press, Cambridge (1999). 

[12] R. DONNINGER. W. SCHLAG, A. SOFFER, On pointwise decay for linear waves on a 
Schwarzschild black hole background, preprint. 

[13] S. FOURNAIS, E. Skibsted, Zero energy asymptotics of the resolvent for a class of slowly 
decaying potentials, Math. Z. 248 (2004), no. 3, 593-633. 

[14] C. Gerard, A. Martinez, Principe d'absorption limite pour des operateurs de Schrddinger 
a longue portee, C.R. Acad. Sci. Paris 306, 121-123 (1988). 

[15] C. Guillarmou, A. Hassell, The resolvent at low energy and Riesz transform for 
Schrddinger operators on asymptotically conic manifolds, Part I, Math. Ann. (2008) no 4, 
859-896. 

[16] H. Isozaki, I. Kitada, Modified wave operators with time independent modifiers, J. Fac. Sci. 
University of Tokyo, Section I A 32 (1985) 77-104. 

[17] , A remark on the micro-local resolvent estimates for two body Schrddinger operators, 

Publ. RIMS, Kyoto Univ. 21 (1985), 889-910. 

[18] A. Jensen, Propagation estimates for Schrddinger-type operators, Trans. Amer. Math. Soc. 
291, no. 1 (1985) 129-144. 

[19] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smoothness 
in quantum scattering theory, Ann. IHP (A) Physique theorique, 41 no. 2 (1984) 207-225. 

[20] H. Koch, D. Tataru, Carleman estimates and absence of embedded eigenvalues, Commun. 
Math. Phys. 267, no. 2, 419-449 (2006). 

[21] P. D. Lax, C. S. Morawetz, R. S. Philips, Exponential decay of solutions of the wave 
equation in the exterior of a star-shaped obstacle, Comm. Pure Appl. Math. 16 (1963) 477-486. 

[22] D. J. Metcalfe, D. Tataru, Decay estimates for variable coefficient wave equations in 
exterior domains, Progress in Nonlinear Differential Equations and Their Applications, Vol. 
78 (2009) 201-217. 

[23] S. Nakamura, Semiclassical resolvent estimates for the barrier top energy, CPDE 16 (1991), 
no. 4-5, 873-883. 

[24] , Low energy asymptotics for Schrdinger operators with slowly decreasing potentials, 

Comm. Math. Phys. 161(1), 63-76 (1994). 

[25] S. Nonnenmacher, M. Zworski, Quantum decay rates in chaotic scattering, Acta Math. 
Vol. 203, no. 2 (2009) 149-233. 

[26] W. Schlag, A. Soffer and W. Staubach, Decay for the wave and Schrddinger evolutions 
on manifolds with conical ends. Part I, Trans. Amer. Math. Soc. 362 (2010) no. 1, 19-52. 

[27] M. Reed, B. Simon, Methods of Modern Mathematical Physics I, Academic Press (1980). 



41 



[28] D. Robert, Asymptotique de la phase de diffusion a haute energie pour des perturbations du 
second ordre du Laplacien, Ann. Sci. de TENS, vol. 25, n. 2 (1992) 107-134. 

[29] D. Robert, H. Tamura, Semiclassical estimates for resolvents and asymptotics for total 
scattering cross-sections, Ann. Inst. H. Poincare (phys. theor.) 47, 415-442 (1987). 

[30] I. Rodnianski, T. Tao, Longtime decay estimates for the Schrddinger equation on manifolds, 
Mathematical aspects of nonlinear dispersive equations, 223-253, Ann. of Math. Stud., 163, 
Princeton Univ. Press, Princeton, NJ (2007). 

[31] D. TATARU, Parametrices and dispersive estimates for Schrddinger operators with variable 
coefficients, Amer. J. Math. 130 (2008) no. 3, 571-634. 

[32] , Local decay of waves on asymptotically flat stationary space-times, preprint. 

[33] B. Vainberg, Asymptotic methods in equations of mathematical physics, Gordon & Breach 
Science Publishers, New York, (1989). 

[34] A. Vasy, J. Wunsch, Positive commutators at the bottom of the spectrum, preprint. 

[35] A. Vasy, M. Zworski, Semiclassical estimates in asymptotically Euclidean scattering, 
Comm. Math. Phys. 212 (2000), no. 1, 205-217. 

[36] G. Vodev, Local energy decay of solutions to the wave equation for nontrapping metrics, Ark. 
Mat. 42 (2004), 379-397. 

[37] X.P. Wang, Time-decay of scattering solutions and classical trajectories, Ann. Inst. H. 
Poincare (phys. theor.) 47, 25-37 (1987). 

[38] , Asymptotic expansion in time of the Schrddinger group on conical manifolds, Ann. 

Inst. Fourier 56, 6, 1903-1945 (2006). 

[39] D. Yafaev, The low energy scattering for slowly decreasing potentials, Comm. Math. Phys. 
85(2), 177-196 (1982). 



42 



